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Reference for Main Notation to Be Used: 

	Symbol
	Form:
	Translation:

	
	X
	it is not the case that X

	&
	X&Y
	X and Y

	(
	X(Y
	X or Y

	(
	X Y
	if X then Y

	(
	(x
	there is an x such that

	(
	(x
	for every x


Attributes:     M for ‘is male’

F for ‘is female’

Relation:    PT for ‘is parent of’

SP for ‘has the same parents as’

BR for ‘is a brother of’
SR for ‘is a sister of’, 

SECTION 0  PRELIMINARY REMARKS 

Notation:  In addition to the notation for propositional operations, this unit uses the quantifiers indicated on the cover page for individual variables.  A formal language with such quantifiers is called a first order language.  The reason we call such a language first order is unimportant for this unit, but if you are curious read Pr2 from Section 2.  To illustrate the use of a first order language, we use the symbols j for ‘Jo’, a for ‘Al’, M for ‘is male’, F for ‘is female’, BR for ‘is a brother of’, SR for ‘is a sister of’, SP for ‘has the same parents as’ SC for ‘has same eye color as’.    

Perspective:  Different sentences can convey the same information if they are conceptually equivalent.  Consider the conceptual equivalence of (1) and (2).  The formulas for these make the gender indicated by ‘his’ and ‘her’ explicit.

(1)  Al has the same color of eyes as his sister Jo.    aSCj & aM & jSRa 

(2)  Jo has the same color of eyes as her brother Al.   jSCa&jF&aBRj 

Jo is a sister of Al means Jo is female and has same parents as Al.  Likewise, Al is a brother of Jo means Al is male and has same parents as Jo.  Thus regarding the BR and SR relations as shorthand which gives gender and parental information, we can expand (1) and (2) so they are stated using the same attributes and relations.  The equivalence of (1) and (2) follows from logic and a law implicit in our concept of sameness, namely the symmetry of any relation conceptualized as a sameness relation. 

(1)  aSCj & aM & jF & jSPa,  since SRmeans F & SP  

(2)  jSCa & jF & aM & aSPj,  since BR means M & SP
First Order Formulas:  Al has the same color eyes as Jo iff there is a color z such that they both have eye color z.  Thus instead of thinking of the symmetry of the ‘same color’ relation as a basic law, we could define this relation, and use logic to derive this law.  To symbolize this, imagine a language with EC as a symbol whose intended interpretation is the ‘has eye of color’ relation.  Using the quantifier , we can define a relation symbol SC, and use this to show that aSCj and jSCa are equivalent.  Recall that ‘’ and ‘’ are used as metavariables, indicating places which could be occupied by any term.  

Definition:  SC  iff  z(ECz & ECz)

By the definition:  aSCj  z(aECz & jECz) and jSCa  z(jECz & aECz).  Since X&Y  Y&X, this  shows that aSCj  jSCa.
The ‘same parents’ relation can be treated in a similar manner, however the details are more complicated because a person has both a female and a male parent.  Using the definition below, where PT is ‘the parent of ’  relation, we could show aSPj  jSPa. 

Definition:    SP  iff  w(wF & wPT& wPT) & z(zM & zPT & zPT)

The Existential Quantifier :  is called an existential quantifier.  We used it to help define relations between  and  by referring to the existence of other persons whose relationship to  and  specify
how  and  are related.  Later we illustrate other uses for existential quantifiers.

Universal Quantifiers:  Relational Logic 0 stated conceptual laws by implicitly letting the variables range over some universe.  We can make this explicit by using the universal quantifier  ‘(’.  Using this notation, we can state such laws using quantified formulas to stress their universal nature. 

(x(y(yM & xSRy  xF & yBRx)

(x(y(xSCy  ySCx)

We read the second of these as ‘for all individuals x and y, x has the same color of eyes as y iff y has the same color of eyes as x’. 

BQ Puzzles:  It is common practice in mathematics to state universal conceptual laws without quantifiers, and if this was their only use, we could dispense with them as we did in Relational Logic 0.  However universal quantifiers also provide a way to translate a wider variety of sentences into first order language.  We illustrate this with BQ puzzles.  Each clue expresses something about a model universe, where a model universe is any subset Û of BAS which satisfies all the clues.  Quantifiers often provide the best way to write formulas for directly translating such clues.  For example, while ‘(xxD (xxD’ is a fairly direct translation of clue (4) in the sample puzzle below, so is  ‘(xxD xxD’. 

(1)  Small items are red.





(x(xS  xR) 

(2)  Large items are blue.





(x(xL  xB) 

(3)  Not all of the items are circles.



(xxC      

(4)  Either everything is a diamond or nothing is a diamond.   
(xxD (xxD 

(5)  There are at least 2 items.




xy x ( y  

Solution:  Using (1) and (2) Û must be a subset of {lbc, lbd, src, srd}.  The only such subsets which satisfy both (4) and (5) are {lbd, srd} and {lbc, src}.  Of these, only {lbd, srd} satisfies (3).  Thus Û = {lbd, srd}.  This analysis can be presented more compactly as follows.  ‘ ( ’ means ‘is a subset of’. 

Û ( 11000011


(1)(2)

Û  {10000010, 01000001}
(4)(5)

Û = 01000001


(3)

Scope Concepts:  Since there are 2 quantifiers in (4), this clue says that either every item in Û is a diamond or every item in Û fails to be a diamond.  We could stress this by using different quantifiers, such as ‘(xxD (yyD’.  However the same letter in the scope of different quantifiers may refer to different items.  It is standard practice to use as few different variables as possible in a formula.  

Bound and Free Variables:  Variables used in previous units did not occur in connection with quantifiers.  Such variables are called free variables.  A variable is said to be bound in a formula if it is used in connection with a quantifier.  A bound variable takes its meaning from the quantifier binding it.  When using a bound variable, all instances of that variable which are in the scope of that quantifier are said to be bound by it.  For example, in the formula ‘x(xD & xR)’ the existential quantifier binds all 3 instances of the variable x, since the scope of a quantifier includes the variable following the quantifier and everything within the parentheses.  On the other hand, in the formula ‘xxD & xxR’ the first quantifier binds the first 2 instances of x, while the second quantifier binds the last 2 occurrences of x.  ‘x(xD & xR)’ can only be satisfied if Û contained a red diamond.  While ‘xxD & xxR’ would be satisfied if Û contained a red diamond, it would also be satisfied if Û contained a blue diamond and a red circle. 

Open and Closed Formulas:  A formula that contains one or more free variables is said to be an open formula.  A formula without any free variables is called a closed formula.  So far all the formulas listed in this unit have been closed. In previous units we did not use quantifiers so any formula with variables was open.  The only formulas that were close were those containing no variables.  For example in Operational Logic 0, we had  equations like ‘x(0 = x’ which were open and equations like 4(0 = 4 which were closed.   In Attribute logic 0 a L was used as brief for iL an thus implicitly contained the free variable i. To obtain a closed formula we used names such as lrc.   Thus lrcL is a closed formula.   Had we used quantifiers we could have augmented our languages with closed formulas such as (xxS or (x(xL ( xS)
SECTION 1 INTERPRETING FIRST ORDER LANGUAGE

Perspective:  Section 0 illustrated how the brother and sister relations can be reduced to the parent relation the attributes female and male.  The mother and father relations can also be easily reduced to this relation and those two attributes.  This section has 3 main parts.  We indicate a formal language for family relations called LRF, explaining certain terminology and conventions.  We then present a series of activities that use LRF to define a number of other family relationships.  Finally we examine a specific interpretation for LRF, seeing that it satisfies certain formulas from the language. 

The choice of family relationships is motivated primarily by the fact that most of our intended readers are already familiar with such relationships and able to describe them in ordinary language.  The use of LFR is not intended to give additional insight into such relationships or to help you reason about them.  Its purpose is to help you become familiar with the use of quantifiers.  In defining relations, we must use some relations as basic starting points.  The symbols used for these basic relations are called the primitive symbols for LFR, and the formulas constructed from them are said to be in primitive notation.  The construction uses propositional operations and quantifiers.  

Primitive Symbols for LFR:    Logical Symbols:   &            (      

Variables:  w x y z                                  
Constant Symbols: a b c d e

Attributes Symbols:  F M


Relation Symbols:  PT  = 

A term is a naming expression.  The terms for LFR are its variables and its constants symbols.  Constant symbols are like nouns in that they name a specific individual.  Variables are more like pronouns.  Atomic propositionals use any term with an attribute or any pair of terms with a relation.  ‘aF’, ‘xM’, ‘xPTc’, 
‘a = b’ are atomic propositionals.  All other LFR formulas are constructed from these using logical symbols.  Thus ‘aF & aPTc’ and ‘xxPTc’ are formulas in the language LFR.  They are not atomic.

Remarks:  The preceding comment does not give a precise detailed description for constructing formulas.  Since this unit uses a small portion of LFR, this is not needed.  Rely on your knowledge of the ordinary intended interpretation to decide when a formula has been constructed in an appropriate manner.  

Ac0a:  Using  and  to indicate a blank space in a formula that can be filled by any term, indicate all atomic formulas in LFR.  

Ac0b:  Consider the formula ‘(xy(yF & yPTx)’.  A direct translation might be ‘For each person x there is a person y such that y is a female and y is a parent of x’.  Give a more concise translation. 

Defining Additional Family Relation Symbols:  A defining formula, is a formula which is to be abbreviated by adding new symbols to LFR.  It is understood that the formula written with defined symbols is satisfied by the same pairs of individuals as the defining formula.  A defining formula may only contain the basic predicates and previously defined formulas.  We begin with some symbols for family relationships that can be defined without using quantifier.

Ac1:  Define ‘MT’ by ‘F & PT’, ‘FT’ by ‘M & PT’, ‘DTR’ by ‘F & PT’ ‘SON’ by  ‘M & PT’.   Give the ordinary intended interpretation of each of these defined symbols.  

Definitions Involving Quantifiers  For  to be a grandparent of  there must be another person such that a is a parent of this person and this person is a parent of .  Using an existential quantifier we can express this in LRF  by ‘x(PTx & xPT)’.   Which bound variables are used in defining a relation, is irrelevant. Thus we can define a new symbol GPT for the grandparent relation as follows:

‘GPT’ by  ‘x(PTx&xPT)’ or by ‘y(PTy & yPT)’ or by ‘z(PTz & zPT)’   etc. 

Re0a:  F  M  PT   =  

Re0b: ‘Everyone has a female parent’ or ‘Everyone has a mother’.  

Re1:  is mother of, is father of, is daughter of, is son of

Bound Variable Convention  In Section 0, we defined the same parent relation as follows.

SP  iff  w(wF & wPT& wPT) & z(zM & zPT& zPT)

It is fairly standard practice to use as few different variables as possible in a formula, so in this section we define it using only one variable.  

SP  iff  x(xF & xPT& xPT) & x(xM & xPT& xPT)

To understand this definition, recall that although the quantifier x occurs twice in the defining formula, it does not refer to the same individual in both cases.  The scope of the first  is ‘x(xF & xPT& xPT)’.  This says that someone is the father of both  and .  In this part of the formula the instances of ‘x’ are bound by the first existential quantifier, and they must refer to the same individual.  The instances of ‘x’ in ‘x(xF & xFT& xFT)’ are bound by the second quantifier, and must each refer to the same individual; but may or may not refer to the same individual as the instances of x which were bound by the earlier quantifier.  In general, bound variables must refer to the same individual only in that part of the formula where they are bound by the same quantifier. 

Ac2:  It should be clear that SP was defined in such a way that SP is true in all intended intrepretations.  In many situations we often want to focus on different people who have the same parents, that is on the sibling relation.  Use LFR to define such a relation symbol SIB for this sibling relation. 

Primitive Notation:  One of the main features of mathematics is the use of a few simple concepts and conceptual axioms to develop a variety of more complicated concepts and conceptual theorems, all of which can be formalized in first order languages.  One of the main results of mathematical logic is to show the scope and limitations of deductive reasoning in first order languages.  In order to analyze a language it is convenient to have a small number of primitive symbols, and to understand how all formulas could be expressed in primitive notation. This perspective is fully developed in Quantificational Logic 2.  This present unit introduces some of these ideas with a number of activities which ask you to both define new symbols in terms of symbol already defined and also to expand some of these defining formulas into primitive notation.  For example the definition of SP was given using primitive notation, i.e. using only the symbols listed in specifying the language.  Since we had already defined MT and FT we could abbreviate our definition of ‘SP’ by using these symbols. 

SP  iff  x(xMT& xMT) & x(xFT& xFT)

Using the definitions for FT and MT, this definition expands to:

SP  iff  x((xF & xPT) & (xF & xPT)) & x((xM & xPT) & (xM & xPT)).

While this is not identical with the primitive notational definition given earlier, it is logically equivalent to that definition.  Furthermore the version using MT and FT is closer to the ordinary way we would describe having the same parents, since it says they have the same mother and they have the same father. 

Ac3:  Suppose we define the relation symbol GGPT as GGPT iff w(PTw & wGPT).  Give the intended interpretation. 

GGPT was defined by ‘GGPT iff w(PTw & wGPT)’.  Since wGPT is x(wPTx & xPT), we have w(PTw & x(wPTx & xPT)) as its primitive expansion.  Our immediate purpose in using these long expansions is to help you master the use of first order language.  We also hope you will begin to see how an elaborate network of concepts can be developed from a simple basis.  

Re2:  SIB iff    & SP 

Re3:  GGPT is intended as the great-grandparent relation. 

Using Intermediate Concepts:  In defining a new symbol there are a variety of choices for a defining formula.  We could have used z(GPTz & zPT) as our defining formula for GGPT.  In primitive notation this formula expands to z(w(PTw & wPTz) & zPT). To see that the suggested formulas for defining GGPT are equivalent, note that they both merely say that there are two intermediate parent relations between a great-grandparent and great-grandchild.  A more direct formula for this would be wz(PTw & wPTz & zPT).  Had we started with an attempt to use a defining formula in primitive notation, this is the formula that we would have used.  However, one main advantages of developing a network of concepts is that we can think about adding new concepts in terms of intermediate concepts already introduced rather than trying to imagine how they can be reduced to primitive concepts. 

Logically Equivalent Formulas:  In Section 0 we indicated that ‘Nothing is a diamond’ could be translated either as (xxD or as xxD.  If you focus on a direct translation of these formulas you should be able to see that they are logically equivalent. 

(xxD:  For any item, it is not the case that it is a dimaond.

xxD:  It is not the case that there is an item which is a diamond.

For fairly simple formulas an intuitive understanding of their intended interpretations is sufficient to help us see if they are logically equivalent.  Thus one of skills needed to master the use of quantifiers is this type of intuition.  The following activities should be helpful in this respect.  For more elaborate first order formulas, an intuitive understanding is seldom sufficient to determine logical equivalence.  How this can be done for such formulas is the main topic of Quantificational Logic 1. 

Ac4:  Give the intended interpretations for the relation symbols defined below.

   GFT by z(FTz & zPT)   MGFT by z(FTz & zMT)   PGFT by z(FTz & zFT)

   GMT by z(MTz & zPT)   MGMT by z(MT& zMT)   PGMT by z(MTz & zFT)

Re4:  grandfather, maternal grandfather, paternal grandfather grandmother, maternal grandmother, paternal grandmother 

Ac5:  The formula z(FTz & zPT) given for GFT contains FTz, which is brief for M & PTz, so this formula expands to z(M & PTz & zPTy).  An alternate defining formula for GFT might be ‘M & GPT’.  Expand this formula and see if it is logically equivalent to z(M & PTz & zPTy).  

Optional Remark:   is a great-great-great-grandparent of  if  is a parent of a parent of a parent of a parent of .  As given, LRF does not have enough variables to directly express a defining formula for this relation.  For such reasons it is standard practice to have an unlimited supply of individual variables in any first order language.  However 4 variables is enough for the purposes of this present section.

Ac6:  Given below are definitions for four new relation symbols, along with their intended interpretations.  Below are the alternate defining formulas we would have chosen if we had decided to define these symbols directly from primitive notation.   Match the numbers of alternates with the symbols they could have been used to define.  

    BR  iff  M & SIB


 is a brother of  

    BRS iff  M & M & SIB       
 and  are brothers 

    SR  iff  F & SIB


 is a sister of  

    SRS iff  F & F & SIB

 and  are sisters 

    (1)     & M & z(zF & zPT& zPT) & z(zM & zPT & zPT)

    (2)      & F & F & z(zF & zPT & zPT) & z(zM & zPT & zPT)

    (3)      & M & M & z(zF & zPT & zPT) & z(zM & zPT & zPT)

    (4)      & F & z(zF & zPT & zPT) & z(zM & zPT & zPT)

Re5:  M & z(PTz & zPT)

Re6:  (1) BR,    (2) SRS,    (3) BRS,   (4) SR

Ac7:  Expand the defining formula for BRS into primitive notation.

Ac8a:  Let z(zSIB & zPT) be the defining formula for both ‘AOU’ and ‘NON’.  Interpret these relation symbols. 

Ac8b:  Define ‘UNCLE’ and ‘AUNT’. 

Remarks:  A variety of other family relationships could be defined.  See the exercises at the end of this section. 

Re7:  M & M &    & z((zF & zPT) & (zF & zPT)) & z((zM & zPT) & (zM & zPT))

Re8a:  The defining relation is satisfied when  is an aunt or uncle of .  The same relationship holds when  is a niece or nephew of .  

Re8b:  z(BRz & zPT) and z(SRz & zPT). 

Remark:  The defining formula for BRS expands in primitive notation to:

M & M &    & z((zF & zPT) & (zF & zPT)) & z((zM & zPT)(zM & zPT))

By propositional logic: M & M &        & M & M

(zF & zPT) & (zF & zPT)  zF & zPT & zPT
(zM & zPT) & (zM & zPT)  zM & zPT & zPT
So this formula is equivalent to the suggested alternate:

   & M & M & z(zF & zPT & zPT) & z(zM & zPT & zPT)

	Situation 1:  Consider a family with males {Bob, Dan}. 
	
	parent
	Ann
	Bob
	Cat
	Dan
	Ell

	                                                  females {Ann, Cat, Ell}   

Ann and Bob are the parents of Cat and Dan. Cat is the a parent of Ell.  There are no other parent relationships in
this family.  We can represent the parent relationship compactly as a matrix
	
	Ann

Bob

Cat

Dan

Ell
	0

0

0

0

0
	0

0

0

0

0
	1

1

0

0

0
	1

1

0

0

0
	0

0

1

0

0


Ordinary Interpretations:  As usual you can think of an ordinary interpretation as a way of translating a formal language to an ordinary situation which gives content to the formulas of the language.   For any first order language we interpret propositional operation symbols in terms of boolean satisfaction.  The symbols ( and  are interpreted as the ordinary concept of ‘for all’ and ‘there exists’.   We also use constant symbols as names, attribute symbols as attributes, relation symbols as relations.  For the intended interpretation of our specific language LRF, we interpret the symbols F and M as the attributes female and male, and we interpret the symbol PT as the parent relation.  To complete the interpretation of LRF for Situation 1 we assign the constants to persons having the same initial as the variable.  This makes it easier to remember the assignment, but from a logical perspective any other assignment would do just as well. 

Ac9a:  The interpretation of M, F, PT determines the interpretation of all the defined symbols, allowing us to determine all family relations.  For instance aMTc, since aPTc & aF.  Relate d and e, using one of the defined relations. 

Re9a:  d is an uncle of e, and e is a niece of d. 

Satisfaction:  Given the interpretation of LRF, formulas without free variables, such as (x(xM xF), xy(xPTy),  xy(xPTy & xF),  xyz(xPTy & yPTz) can be used to state information about Situation 1.  Such formulas are said to be satisfied by this interpretation.  The first of these formulas would be satisfied in any intended interpretation of LRF, but the other 3 are satisfied because of the particular aspects of Situation 1, and it is easy to imagine situations in which they would not be satisfied.  Formulas with constants can also be used to state information about Situation 1.  For example, y(yPTe & yM) says that Ell does not have a male parent in the universe for this situation, and thus is satisfied in this interpretation.  Of course it is easy to imagine a similar situation with a larger universe in which 
y(yPTe & yM), rather than y(yPTe & yM), would be satisfied. 

Ac9b:  Which of the formulas below are satisfied by Situation 1? 

(1)  xyz(xFTy & yBRz)     (2)  xyz(xGFTy & yBRz)
(3)  xyz(xGMTy & yM)

(4)  xyz(xGFTy & yF)
(5)  xy xAUNTy                 
(6)  xy xUNCLEy 

(7)  (xy xPTy

(8)  (xy (yPTx  xGPTy)
(9)  xy (xUNCLEy

 
(10)  x(y (yGPTx  yPTx  y = x  yUNCLEx) 

Optional Mathematical Remark:  In earlier units we indicated how to give a mathematical interpretation corresponding to any ordinary interpretation of any propositional language.  A similar idea can be used for giving mathematical interpretations of first order languages.  We illustrate this for Situation 1 by  imagining a mathematical structure Š corresponding to this situation. To do this let Û = {0, 1, 2, 3, 4} be the set corresponding to the people in the situation. We call this set Û the universe for the interpretation.  Then choose a subset of Û corresponding to each of the attributes from this situation, and a set of ordered pair corresponding to the relation from this situation. 

even = {0, 2, 4} 
odd   = {1, 3}

parent = {(0, 2), (1, 2), (0, 3), (1, 3), (3, 5)}. 

An interpretation is a function I which maps constants to members of U, attribute symbols to subsets
of U, relation symbols to relations on U.

    I (a) = 0, I (b) = 1, I (c) = 2, I (d) = 3, I (e) = 4,  I (M) = odd,  I (F) = even,    I (PT) = parent

The function I  also assigns a bit to each closed propositional, 1 if the propositional is satisfied, 0 if the propositional is not satisfied.  

	For example satisfaction for  each of the closed atomic propositional is indicated
as follows:
	
	
	
	
	
	
	
	
	PT
	0
	1
	2
	3
	4

	
	
	M
	0
	1
	2
	3
	4
	
	0

1

2

3

4
	0

0

0

0

0
	0

0

0

0

0
	1

1

0

0

0
	1

1

0

0

0
	0

0

1

0

0

	
	
	
	0
	1
	0
	1
	0
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	F
	0
	1
	2
	3
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Satisfaction for the other close propositional without quantifiers is obtained using usual boolean satisfaction concepts.  Satisfaction for a formula with quantifier is obtained by looking at corresponding formulas with constants replacing the variables in a way that corresponds to the intuitive meaning of the quantifiers.  For example I((xxM) = 0 because I(0M) = 0, while I((xxM) = 1 because I(1M) = 1.   In general for a universal formula to be satisfied it must be satisfied by each of {0, 1, 2, 3, 4}, and for a existential formula to be satisfied it must be satisfied by at least one of each of {0, 1, 2, 3, 4}.   This concept of first order satisfaction will be developed in more detail in the next section and in Quantificational Logic 1 and Quantificational Logic 2.

Re9b:  (1), (4), (6), (8), (9), (10).
Exercises and Problems

Ex1:  Define some cousin relations such as first cousin, second cousin, first cousin once removed, etc. 

Ex2:  Define half-brother, half-sister, and a number of other relationships due to the fact that an individual may have offspring with different mates. 

Ex3:  Let xMARy mean x is married to y.  Define such relationships as step sister, brother-in-law, etc.  

Ex4:  Suppose we add the relation symbol YT and OT to our first order language for family relations.  Interpret these as ‘is younger than’ and as ‘is older than’.  Translate some of the following sentences into first order formulas.  Invent additional sentences involving these relations and translate them into first order formulas.

    (1)  Al has an older brother.

    (2)  Al does not have a younger sister.

    (3)  Jo is the oldest of her siblings.

    (4)  Jo is the middle child among 3 children.

Pr1: Suppose we want to say that Al has exactly one sister.  We could symbolize this information as: 

x(xSRa & $y(ySRa  y = x)) 

It is convenient to use a special quantifier for this purpose, namely (! which we read as ‘there exists exactly one’, and translate this sentence more directly (!xxSRy.  Since we could always express the proposition that there is exactly one x which satisfies P by ‘x(xP & (y(yP  y = x))’, (! is not really essential.  There are a number of other phrases which could be denoted by other quantifiers, such as ‘there is at most one’, ‘there is exactly 2’ ‘there is at least 2’, ‘there is at most 2’, etc.  We will not bother to introduce symbols for such quantifiers in the main text.  Invent and define notation for such quantifiers. 

Pr2:  Give a recursive description of LRF.  Give construction trees for some formulas of LRF.

SECTION 2  SATISFACTION AND DEDUCTION For FIRST ORDER FORMULAS 

First Order Satisfaction:  This section uses BQ puzzles to illustrate a limited concept of first order satisfaction involving formulas with only one variable.  It also illustrates some deductions involving such formulas.  The concepts of satisfaction and deduction are two of the main concepts of mathematical logic.   Quantificational Logic1 develops these concepts in detail for first order formulas.  

BQ Puzzles:  A BQ puzzle consists of a set of clues which are satisfied by one or more subsets of BAS.  Any such subset Û is called a universe for the clues.  While a set of clues may have more than one universe, the puzzles in this unit each have a single such Û.  The puzzle challenge is to find Û.  Think of the clues as laws of Û, rather than criteria for members of Û.  In order to focus more directly on the model universe, this section uses puzzles that are fairly simple.  For example, Clue (1) in BQ00 below eliminates every item but lbc and lbd, so Û ( 11000000.  Since 11000000 has only 4 subsets, it is fairly easy to use the other laws to eliminate subsets which do not satisfy them.  Harder puzzles involving subsets of XAS can be found in the file Extra Attribute Puzzles. 

BQ00:  Everything is blue and everything is large.  There is a circle.  If there is not a diamond then there is a small item.  

(1) (xxB & (xxL               (2) xxC             (3) xxD  xxS

Solution:  (1) can only be satisfied if lrc, lrd, sbc, sbd, src, srd are not in Û.  Thus Û is a subset of 
{lbc, lbd}.  The only subsets of {lbc, lbd} which satisfy (2) are {lbc, lbd} and {lbc}.  Of these, only 
{lbc, lbd} satisfies (3).  Thus Û = {lbc, lbd}.  This analysis can be presented compactly as follows. 

Û ( 11000000


(1)

Û  11000000, 10000000
(2)

Û = 11000000


(3)

BQ01:  Nothing is small.  Large items are blue.  There is a non-diamond.  If there is a diamond then none of the items are circles.   

(1) (xxS          (2) (x(xL  xB)          (3) xxD          (4) xxD  (xxC

Ac0:  Find the model Û for BQ01.

Alternate Translations:  There are logically equivalent ways to translate a clue like ‘Nothing is small’.  Thinking of this clue as saying ‘all items fail to be small’, we translated it as ‘(xxS’.  You could also think of this clue as saying ‘it is not the case that there is a small item’, in which case you would translate it as xxS.  These two translations are logically equivalent, both eliminating all small items.  Likewise, we could have translated clue (3) from BQ01 as xxD  xxC. 

In general, the concept of none can be analyzed in terms of either the concepts of negation and existence in terms of all and negation.  Thus the claim ‘nothing satisfies F’ can be thought of as ‘everything fails F’ or as ‘there doesn’t exist something that satisfies F’.  Since (xxF and xxF are logically equivalent, either translation may be used.  

Ordinary Example:  Suppose we knew that none of the applicants failed the driving test.  Using the concept of existential quantification, this could be stated as ‘there does not exist an applicant who failed the driving test’.  However using the concept of universal quantification it could also be stated as ‘all applicants passed this test’.  Using ‘F’ for ‘failed the test’ gives an ordinary example of the logical equivalence of xxF and (xxF.  Ex0 gives another ordinary example of a similar logical equivalence.  

Re0:  By (1)  sbc, sbd, src, srd are not in Û.  By (2) lrc, lrd are not in Û.  Thus Û is a subset of {lbc, lbd}.  The only subsets of {lbc, lbd} which satisfy (3) are {lbc, lbd} and {lbc}.  Of these, only {lbc} satisfies (4).  Thus Û = {lbc}.   

More compactly:  Û ( 11000000 by  (1)(2),    Û  {11000000, 10000000} by (4),    Û = 10000000 by  (3)        

Negation of Quantifiers:  As we have just seen the negation of an existential positive is logically equivalent to a universal negative as given on the top left below.  Likewise the negation of an existential negative is logically equivalent to a universal positive negative as given on the bottom left below.  For example, that nobody failed the exam is equivalent to everyone passing it.  There are also equivalences involving negations of universals and existentials.   The claim that not everyone is a vegetarian is logically equivalent to the claim that there is someone who eats meat.  In general the claim ‘it is not the case that everything satisfies F’ is logically the claim ‘there exists something that does not satisfy F’.  Likewise the claim ‘it is not the case that everything fail to satisfies F’ is logically the claim ‘there exists something satisfies F’.

xxF EQUIVALENT (xxF                (xxF EQUIVALENT (xxF

x(xF EQUIVALENT (xxF                (x(xF EQUIVALENT (xxF

While (xxF and xxF are logically equivalent, the second may help us keep the information in better focus.  In general any formula with a negation in front of a quantifier is logically equivalent to a formula which begins with the opposite quantifier, and often this form is easier to work with.  This is especially the case when then formula after the quantifier is a negation.  For example the statement ‘it is not the case that everyone failed the test’ is equivalent the simpler statement ‘everyone passed the test’.  

Ac1:  Translate the following BQ puzzles into first order language and use satisfaction concepts to find Û. 

BQ02:  Everything is red.  Diamonds are small.  If there is a circle then there is a diamond.  There is a large item and there is a small non-diamond.  

BQ03:  All items are diamonds.  Large items are circles.  There is a red item iff there is not a blue item.  There is a blue item. 

BQ04:  There is a circle and there is a blue item.  An item is large iff it is blue.  An item is a circle iff it is small.

Analysis Without Listing Subsets:  BQ05 below has only one universal clue, and it eliminates only 4 items giving Û ( 00111100 which  has 16 subsets.  Listing them would be tedious, so we merely describe them.  For instance, ‘Û ( 00010100 or Û ( 00101000’ describes the subsets of 00111100 that satisfy (3).  Using this with (1) gives Û ( 00010100.  By (4) Û = 00010100.

BQ05:  There is a small diamond.  An item is not blue iff it is large.  Every item is a diamond or every item is a circle.  If there is a blue item then there is a red item.  

(1)  x(xS & xD)          (2)  (x(xBxL)          (3)  (xxD(xxC         (4)  xxB  xxR

BQ06:  Diamonds must be small.  Red items are large.  There is a  diamond.  If there is a diamond then there are no large items but there is a circle.    

(1) (x(xD  xS)           (2) (x(xR  xL)           (3) xxD           (4) xxD  xxL & xxC

Analysis: Using the clues in the order given we have Û = {sbc, sbd} as indicated below.

Û ( 10101111,     Û ( 10101100,     00000100 ( Û ( 10101100,     00001100 ( Û ( 00001100

Re:  BQ02:   (1) (xxR      (2) (x(xD  xS)      (3) xxC  xxD       (4) xxL & x(xS & xD) 

Û ( 00110011 by (1),    Û ( 00100011 by (2),   Û  {00100011, 10000010} by (4),   Û = 00100011 by (3)

       BQ03:    (1) (xxD            (2) (x(xL  xC)          (3) xxR  xxB       (4) xxB

Û ( 01010101 by (1),    Û ( 00000101 by (2),     Û  {00000101, 00000100}  by (4),   Û = 00000100  by (3)           

       BQ04:   (1) xxC & xxB        (2) (x(xLxB)            (3) (x(xCxS)

Û ( 11000011 by (2),  Û ( 01000010 by (3),  Û = 01000010 by (1)

First Order Language:  Earlier units used a propositional language for BAS.  This unit has extended this language to what we call a first order language by using quantifiers.  In solving puzzles, this language was applied to subsets of BAS.  Consider the subset {sbc, sbd} given as the Û for BQ06.  To be Û means that {sbc, sbd} must satisfy all the clues for BQ06, and when presenting a solution, we implicitly assumed that you could recognize when a subset of BAS satisfies a specific clue.  To do this you must understand the criteria for propositional satisfaction and the conceptual information about which items of BAS are understood to satisfy which attributes of BAS.  You must also understand the criteria for satisfaction involving quantifiers. 

    {sbc, sbd} satisfies xxY iff at least 1 of sbc or sbd satisfies Y

    {sbc, sbd} satisfies (xxY iff both of sbc and sbd satisfy Y

To explain how this applies to each clue is tedious, but in order to illustrate the concept of satisfaction, we indicate why {sbc, sbd} satisfies the clues for BQ06.  

(1)  Since each member of {sbc, sbd} satisfies x, each member of {sbc, sbd} satisfies xD  xS.
Thus the set {sbc, sbd} satisfies (x(xD  xS). 

(2)  Each member of {sbc, sbd} satisfies xR  xL because neither sbc nor sbd satisfy xR.  
Thus the set {sbc, sbd} satisfies. (x(xR  xL). 

(3)  At least one member of {sbc, sbd} satisfies xD, namely sbd.  Thus {sbc, sbd} satisfies xxD

(4)  Neither sbc nor sbd satisfies xL, so {sbc, sbd} does not satisfy xxL.  Hence {sbc, sbd} satisfies xxL.  Since sbc satisfies xC, {sbc, sbd} satisfies xxC.  Thus {sbc, sbd} satisfies xxL & xxC.  Finally the set {sbc, sbd} satisfies xxD  xxL & xxC because it satisfies the consequent of this conditional. 

More on First Order Satisfaction:  A law with a single universal quantifier acts like a propositional attribute puzzle clue to eliminate items that cannot be in Û.  For example BQ10 below has only one clue of that form and it eliminates only lbc and lbd.  Thus for this puzzle Û is a subset of 00111111.  We can use the other laws to eliminate subsets of 00111111 but hewhich do not satisfy them.  Since 00111111 has 64 subsets, and it is tedious to directly indicate how they are eliminated by the other laws, some remote analysis is useful.  We do this below to contrast satisfaction analysis with the deductive analysis you are asked to give later in Exercise 3.  Reference numbers indicate which law was used to further eliminate subsets from those indicted on the previous line.  Laws can be used in any order, but we try to use an order that makes the remaining subsets easy to describe.  In most cases, except for specially designed puzzles, this method is tedious, and it is not as powerful as the deductive method.  However the satisfaction method illustrates concepts that are essential for a deeper understanding of these deductions, as well as relationships between first order languages and their models.  We examine the concept of satisfaction in more detail in  Quantificational Logic 1.  

BQ10    (1) (x(xL  xR)    (2) (xxD ( (xxC    (3) (xxS     (4) xxB     (5) xyxSCy  zz = src

Using (1) and (2) we can break the analysis into two cases Û ( 00101010 or Û ( 00010101.

Case 1:  Û ( 00101010.   Using (3) gives Û  {00100000, 00101000, 00100010, 00101010}.  Clue (4) eliminates 2 of theses leaving  Û  {00101000, 00101010}.  So by (5) Û = 00101010.

Case 2:   Û ( 00010101.   By (3) and (4) Û  {00101000, 0010101}, but neither satisfy (5)

Thus Û = {lrc, sbc, src}.

Remark:  Since bit strings name subsets of the set BAS, an expression like Û  {00010101, 00010100, 00010001, 00010101} involves a set of sets.  It gives a compact way of focusing on the sets that satisfy {(1), (2), (3)}.  The notation {(1), (2), (3)} focuses on a set of formulas.  In general, to focus attention we can collect the items of interest into a set.  

Deductions Involving First Order Language:  We conclude this unit with some deductive solutions to BAQ puzzles.  These solutions merely illustrates simple reasoning with quantifiers.  The concepts involved are developed in Quantificational Logic 1, using puzzles for XAS instead of BAS.

BQ00:  (1) (xxB & (xxL      (2) xxC        (3) xxD  xxL

(4) (x(xL & xB)

(1)

(5) (x(x = lbc ( x = lbd)
(1)

(6) xx = lbc


(4)(2)

(7) xxD


(1)(3)

(8) xx = lbd


(4)(7)

(9) xx = lbc & xx = lbd
(6)(8)

(A) Û = {lbc, lbd}

(5)(9)

Remark:  (5) says that Û cannot contain any elements other than lbc and lbd.  It does not tell whether either or both belong to Û.  This is shown in (6) and (8) and then summarized in (9).  The value for Û indicated in (A) merely collects the information from (5) and (9).  In general, to solve a puzzle we need an existential formula to indicate which items must be in Û, and a universal formula to indicate these are the only items in Û.  For a set Û with a large number of elements, this is tedious, and this is why we have restricted our attention to BAS in this unit.  For puzzles involving larger sets we need some additional concepts that are developed in Quantificational Logic 1. 

	BQ01:  

(1) (xxL                     clue

(2) (x(xL  xB)        clue

(3) xxC                      clue

(4) xxD  (xxD      clue

(5) (x(xL & xB)
(1)(2)

(6) xxC 

(3)

(7) xx = lbc         
(6)(5)

(8) xxD           
(6)(4)

(9) (xx = lbc         
(4)(7)

(A) Û = {lbc}

(7)(9)
	BQ02:

(1) (xxR                              clue

(2) (x(xD  xS)                 clue

(3) xxC  xxD                clue

(4) xxL & x(xS & xD)   clue

(5) xx = src

         (1)(4)

(6) xxD               
         (5)(3)

(7) xx = srd                        (6)(2)(1)

(8) xxL

         (4)

(9) xx = lrc

         (8)(2)(1)

(A) (xx  {lrc, src, srb}      (1)(2)

(B)  Û = {lrc, src, srb}         (A)(9)
	BQ03:

(1) (xxD

(2) (x(xL  xC)

(3) xxR  xxB

(4) xxB

(5) xxR

(3)(4)

(6) (xxB

(5)

(7) (xx = sbd 

(1)(2)(6)

(8) xx = sbd 

(7)(4)

(9) Û = {sbd}

(7)(8)




	BQ04:  

(1) xxC & xxB          clue

(2) (x(xL xB)          clue

(3) (x(xC xS)          clue

(4) (x(xL  x = lbd)
  (3)(2)

(5) (x(xS  x = src)
  (3)(2)

(6) (x(x  {lbd, src})   (5)(4)

(7)  Û = {lbd, src}
  (1)(6)
	BQ05:

(1)  x(xS & xD)          clue

(2)  (x(xBxL)       clue

(3)  (xxD(xxC          clue

(4)  xxB  xxR        clue

(5)  (xxD

 (1)(3)

(6)  (x(x ( {lrd, sbd}) (5)(2)

(7)   Û = {lrd, sbd}
 (6)(1)(4)
	BQ06:

(1) (x(xD  xS)                clue

(2) (x(xR  xL)                clue

(3) xxD                              clue

(4) xxD  xxL&xxC  clue

(5)  (xxS                              (3)(4)

(6) (x(x ( {sbc, sbd})         (5)(2)

(7)  Û = {sbc, sbd}               (3)(4)(6)


Remark   The deduction for BQ06 did not use (1), so although Û satisfies (1), (1) is a redundant clue.  This was not apparent from the solution using satisfaction concepts.

Exercise and Problems 

Ex0:  Below is an ordinary example of a claim in of the form (xxF, along with a logically equivalent existential formula.  Give an example illustrating an universal example logically equivalent to xxF. 

(xxF: It is not the case that nobody broke that vase.

xxF : Someone broke that vase. 

Ex1:  Solve (1) xxC & xxB  (2) (x(xL xB)  (3) (x(xC xS).

Ex2:  Translate and use satisfaction concepts to solve the BQ puzzles below.

BQ07  Every item is a circle or every item is blue.  An item is red iff it is a diamond.  There is a large item and there is a small item.  

BQ08  There are no diamonds.  All blue items are small.  If no item is large then there are no circles.  There is a blue item or there is a diamond.  There is a blue item iff there is a small non-blue item.  

BQ09  A large item must be a red diamond.  If there is a blue item then there is a small red item.  There is a blue circle and a blue diamond.  There is a large item if there is a blue diamond.  There is a small red circle iff there is a small red diamond. 

Ex3 Translate and give a deductive solution for BQ10 below.

Large items are red.  Either all items are diamonds or all items are circles.  It is not the case that all items are small.  There is an item which is not red.  If there are items of differing in color then there is a src. 

Ex4   Solve some of the level 1 BQ puzzles from the file Binary Attribute Puzzles.
Pr1:  Let A = {L, S, R, B, C, D}, and consider the elements of A to be sets rather than attributes.  For instance, S = {sbc, sbd, src, srd} so we write ‘src  S’ rather than srcS to say ‘src is small’.  BQ00 can be translated into set language as follows. Notation: YW is short for Y(W,  ( is the empty set.

First Order Attribute Lanquage:    (1) (xxB & (xxL  (2) xxC  (3) xxD  xxS 

Set Language Without Quntifiers:  (1)  Û = LBÛ        (2)  ( ( ÛC  (3)  ÛD = (  ( ( ÛS   

It can be analyzed as follows.

(4)  ( LBCÛ

(1)(2)
multiply (1) by C and use (2) 

(5) LBCÛ = LBC
(5)

(6) ÛS = 

(1)
multiply (1) by S and use LS =  

(7)  ( ÛD

(6)(3)   

(8) LBDÛ = LBD
(7)(1)
 multiply (1) by D and use (6)

(9) Û = LB       
(4)(8)(1) union (4) with (7) and use (1) 

Explain why  ( LBCÛ is equivalent to LBCÛ = LBC.  Use set language, without quantifiers to solve the following sample puzzle.  Hint, xyxSCy is equivalent to  ( ÛBR.

    (1) (x(xL  xR)  (2) (xxD ( (xxC  (3) (xxS  (4) xxB  (5) xy(xSCy)  z(z = src)

Pr 2:  Think of the elements of BAS as being at level 1 and the attributes as being at level 2.  There are three kinds of attributes we use to think about BAS, namely size, shape, color.  Call these kinds 1, 2, 3.  The attribute R is of kind 2.  Suppose we write this as R2.  The formulas L1, S1, B2, C3, D3 express the other conceptual facts about kinds of attributes.  To express more general conceptual information, we can use quantifiers and variables involving attributes.  Let the symbol  be a variable ranging over attributes.  ‘((1  2)’ says that any attribute which is a size cannot be a color.  This is called a second order formula, because the quantifier applies to attributes, and attributes are at level 2.  It holds for every subset of BAS.  ‘(x (x)’ is also a second order formula saying that all kinds of attribute have at least one attribute of that kind..  It holds for BAS, but it does not hold for {sbd, src}, since xxL.  

Interpret each of the second order formulas below.  Describe all subsets of BAS for which (4) does not hold.  What is the largest possible number of elements such a set can have? 

    (1)  ((1  3)   (2) ((1v2v3)   (3) (x(1 & x)   (4) (x((x
Pr3:  A third order language would quantify over kinds of attributes.  Suppose, we let K be a variable ranging over kinds.  ‘(K(K)’ says that each attribute is of some kind, and BAS satisfies this third order formula.  ‘K(K)’ says that there is a kind which is the kind of all attributes.  BAS does not satisfy this formula.  Interpret ‘(Kx(x & K)’.  Give other formulas in this third order language, and interpret them.  

Pr4:  A careful specification of language levels is cumbersome.  The first comprehensive work on mathematical logic, by Russell and Whitehead, used a theory of types involving an infinite number of language levels.  Their conceptual insights were later expressed more elegantly in a first order 

language for set theory.  Thus using set theory, higher order languages are not needed for mathematical reasoning.  I mention higher order languages because the term ‘first order language’ would seem like a strange choice if you could not imagine languages of a higher order.  To see how we can use first order set 

language instead, let A = {L, S, B, R, C, D} as in problem 1.  Let K = {1, 2, 3} be a set of kinds.  In particular, 1 = {L, S}, 2 = {B, R}, 3 = {C, D}.  Not using different types of variables does make some formulas longer, however it also makes what is being said more explicit.  Consider (1) from problem (2).  To say this in set language, we could use the formula ‘(x(x  A & x  1  x ( 3)’.  We can also generalize this.  ‘(x(y(z(y  K & z  K & y  z & x  y  x ( z)’ says that an attribute of one kind 

cannot be of another kind.  Using more set notation this can be expressed compactly as 

(y(z({y, z} ( K & y  z  y(z = )

Express the other formulas from Problems 2 and 3 in set language. 

Answers to Exercise and Problems

Ex0:  xxF: It is not the case that there is someone without a mother.
             (xxF : Everyone has a mother. 

Ex1:  Û ( 01000010 by (2)(3).  Keep 01000010 by (1).  Thus Û = {lbd, src}

Ex2:  BQ07:  (1) (xxC ( (xxB     (2) (x(xR xD)      (3) xxL & xxS 

Û ( 10011001 by (2),   Û ( 1001000 by (1),   Û = 10001000.   That is Û = {lbc, sbc}

BQ08: (1) xxD  (2) (x(xB  xS)  (3) xxL  xxC  (4) xxB ( xxD     (5) xxB x(xS & xB)

Û ( 00101010 by (1)(2),  00001000 (  Û ( 00101010 by (4),  00001010  Û  00101010  by (5),
00101010 ( Û ( 00101010 by (3). Thus Û = {lrc, sbc, src}

BQ09: (1) (x(xL  xR & xD)     (2) xxB  x(xS & xR)          (3) x(xB & xC) & x(xB & xD)
(4) x(xB & xD)  xxL              (5) x(x = src) x(x = srd)  

Û ( 00011111 by (1), 00001100 ( Û ( 00011111 by (3), 00011100 ( Û ( 00011111 by (4),
Û = 00011100 or Û = 00011111  by (5),   Û = 00011111 by (2).  Thus  Û = {lrd, sbc, sbd, src, srd}

Ans3    (1) (x(xL  xR)    (2) (xxD ( (xxC    (3) (xxS     (4) xxB     (5) xyxSCy  zz = src

Deductive Solution.

(6)  xxR 




(1)(3)

(7)  xy(xSCy                  


(6)(4)

(8)  zz = src                   


(7)(5)

(9)  (xxC 

                     

(8)(2)

(10) x(x = lrc)

 

(3)(1)(9)

(11) (x(xL  x = lrc)            

 
(1)(9)

(12) yy = sbc                   


(4)(9)(1)

(13) xx = lrc & yy = sbc & zz = src
(10)(12)(8)

(14) (x(x = lrc x = sbc x = src)

(11)(9)         

(15) Û = {lrc, sbc, src}


(13)(14)

