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This present unit is classified as an enrichment topic for ordinary algebra.  It was originally intended to be part of the book mentioned above and is partially presented as a dialog between the main characters in that book, Ant an amateur number theorist and Gam who likes games and magic. This unit’s main purpose is to provide an application of ordinary algebra which most people would not usually encounter in their formal education.  The intended audience is secondary teachers of mathematics, home schooling parents, as well as anyone else who thinks algebra is fun.  So the presentation is often more abstract than the presentation found in most books on ordinary algebra.  Furthermore, I use a few concepts normally encountered in higher level college mathematics courses, but only in a fairy basic manner.  Some of the presentation may seem aimed at a reader with less sophistication than indicated in the prerequisites.  This is because some  readers may want to adapt some of these ideas for use with students.  

Reference for Main Notation to be Used   Z+ is the set of positive integers, Z  the set of all integers,  
Zn the set of integers modulo n, {} the empty set.
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SECTION 0  THE MAIN PROBLEM

Gam  That’s some intimidating title!  Just what sort of torment do you have in store for me now?

Ant  Relax, Gam.  You keep telling me that you like working on the problems I’ve been posing, how much fun you’re having.  So don’t lose faith now.  Relax.

Gam did not seem to be relaxed. 

Ant  Look Gam, in this business you’ve got to have selfconfidence.  You’ve got to believe that there is nothing beyond your comprehension.  You’ve got...

Gam What are diophantine roots, and what are separable factors equations? 

Ant You get so uptight when confronted with new mathematical terminology.  Really, finding diophantine roots is far too exciting a topic to waste on someone who does not appreciate the simplicity of mathematics as compared to man’s other endeavors at understanding the universe, who... 

Gam Are you or are you not going to tell me what that title means?

Ant  Sure. 

To Gam’s astonishment Ant began reading Ant’s favorite episode in the life of Cinderella. 

Cinderella met her good Fairy in the woods.  Cinderella, wanted the gift of perpetual youth. She hated the thought being as old as either of her two sisters.  Her oldest sister Begonia was 8 years older than Cinderella.  The Good Fairy touched Cinderella with her wand, granting her the gift of staying forever her present age.  When her two sisters heard about the Good Fairy’s gift, they were very, very angry.  Fushia reminded her every year Father’s estate gives them each a check for the number of marks which is the product of their 3 ages in years.  In the next two years alone your wish will cost each of us 1382 marks.  

Ant  Now Gam, if you do the following exercise, perhaps you can tell me the age of Cinderella and her sisters. 

Exercise 0  Let x represent Cinderella’s present age, and y represent Fuchsia’s present age, write an equation relating x and y.  Also write inequalities relating x and y. 

Note  Answers to exercises and numbered problems are at the end of the section in which they are posed.  

Several minutes pass.

Gam  I still don’t know what diophantine roots are, or what you mean by separable factor equations, but I’ve translated the relevant information in the story as 3xy(5x(29y = 1333, with x < y < x(8.  Don’t I need 2 equations if I have 2 unknowns?  I must be missing something.

Ant  Good! The Greek mathematician Diophantis introduced some systematic methods for finding positive integer roots to equations even when there are less equations than unknowns.  In his honor we call these diophantine roots.  One such method involves separating the unknowns into different factors, so we call these separable factor equations.  There many situations which give rise to similar equations.  Section 1 focuses on finding a general method for solving such a special case of equations over Z+ that can be separated in this way.  Section 2 considers related topics.

Definition  For any equation with two unknowns x and y, by a diophantine root, we mean an ordered pair of positive integers [x,y] which satisfies the equation. 

A General Separable Factors Problem  Give a method for finding diophantine roots [x,y] of any equation of the form below.  

xy(bx(cy = k  where b,c,k(Z+
Example 1  Let b = 2, c = 1, k = 8.  Our equation is: xy+2x+y = 8.  The most broadly applicable strategy for finding roots to an equation is an arithmetic search.  Consider letting x be 1,2,3,4,etc.  From x = 1 we obtain 2y+2 = 8, which gives y = 3.  Checking we see that [1,3] is a diophantine root for xy+2x+y =.  If we try x = 2 then 3y = 4, contradicting y(Z+.  Thus there is no diophantine root with x = 2.  Likewise we get a contradiction for x = 3.  For x > 3, xy+2x+y > 8.  Thus [1,3] is the only a diophantine root.  

Exercise 1  Find all diophantine roots to the special case: b = 1, c = 2, k = 8. 

Gam  I can see that [3,1] is the only diophantine root to the equation in Example 1 and Exercise 1, but those equations are much easier than the one for the Cinderella problem.  In fact the Cinderella problem does not even look like a special case of the separable factors problem, and even if it did, I haven’t the foggiest notion how to solve an equation with such large numbers, so how can I find Cinderella’s age? 

Ant  Well, if you’ll allow me to momentarily digress, I believe that I can help you.  One of the principal algebraic techniques used in finding roots of equations is factoring.  For example, suppose that you wish to find the diophantine roots of the equation ‘x2+3x = 28’.  You learned in school to reason as below. 

x2+3x28 = 0
(x4)(x+7) = 0
x4 = 0  x+7 = 0
x = 4  x = 7 

Thus 4 is the only diophantine root.

There is a more direct way to factor. You might just as easily argue as follows:

The equation x2+3x = 28 is equivalent to x(x+3) = 28.  Since the only way to factor 28 as a product of two positive integers which are 3 units apart is 47 = 28, we have x = 4.  
Note that factoring as 7(4 = 28, gives the negative root.

Gam  But Ant, we’re interested in finding the diophantine roots of equations of the form axy+bx+cy = k.  How is factoring useful there? 

Ant  In Section 1, I’ll offer suggestions for analyzing the general problem.  But first try to solve special cases on your own.  If Cinderella is too hard make up some simpler ones.  I can give some examples and exercises having larger values for k. This should help you see what is meant be a separation of factors strategy and how this can be used to find diophantine root to equations of the form xy(bx(cy = k. 

Gam  You keep giving me hard problem and then tell me to consider some simpler ones.  I wish you would show me how do the simpler ones without first suggesting something I cannot do.  However, I will play your game and only look at your examples and exercises after I try some on my own. 

Example 2  Let us find the diophantine roots for the equation xy+2x+y = 75.  You may see immediately the left hand side of this equation would factor by adding 2 to both sides of the equation.  If not, working backwards may helps.  Since (x+1)(y+2) = xy+2x+y+2, adding 2 to both sides of this equation, gives an expression whose factors each involve only one variable.  We can then find all values for x, and each such value will give a corresponding value for y.  

xy+2x+y+2 = 77 ( (x+1)(y+2) = 77 ( (x+1 = 7 & y(2 =11) ( (x+1 = 11 & y(2 = 7)

Thus xy+2x+y+2 = 77 ( [x,y]({[6,9],[10,5]}  

Important Observation  Since 7777, we can use x+1 = 77 to obtain [x,y] = [76,1] if we allowed y to be negative.  Likewise, 177, and x+1 = 1 gives [x,y] = [0,75].  While these give integer root pairs, they are not a diophantine root pairs.  In general, a,b,x,yZ+ & (x(a)(y(b) = j  a < x(a < j, so neither x(a = 1 nor x(a = j will yield a positive integer root pair.  

Side Remark  The set {1,7,11,77} contains the negative factors of 77.  They give 4 more integer root pairs for xy+2x+y+2 = 77 that are not diophantine.  The Greeks did not conceptualize negative numbers, nor even think of 0 as a number.  Contemporary mathematicians often prefer Z to Z+ because it has a richer algebraic structures.  Thus for number theory they often do their analysis in Z, and even when an application only calls for positive roots they may use a strategy that involve properties of Z.  Sections 0 and 1 take Z+ as the primary structure.  This means that, unless otherwise indicated, all variables are understood to denote only elements of Z+.  Section 2 takes the contemporary perspective, using Z as the primary structure and including all root pairs from Z rather than just those from Z+. 

Side Project  Write computer program based on the factoring strategy to find all diophantine roots to any equation of the form xy+2y+x = k.  Write a search strategy to find these root.  Compare the programs.  

Exercise 2  Find 2 diophantine root pairs [x,y] for the equation xy+2y+y = 89.

Example 3  Below I find the diophantine roots for the equation xy+2y+y = 97. In step (2) 99 is factored  into primes as a way to easily observe its factors.  Step (3) omits the case x(1 = 1, since this gives x = 0.  Also since x(1 = 99 ( y = (3, we have x(1 ( 99, so step (4) omits [98,(3].  

(1)  xy+2x+y+2 = 99

(2)  (x+1)(y+2) = 3311

(3)  x+1 = 3  x+1 = 9  x+1 = 11  x+1 = 33 ( x (1 = 99

(4)  [x,y]{[2,31],[8,9],[10,7],[32,1]}   

Optional Comment  The steps above involve conditional rather than equivalence reasoning.  Since (3) follows from (2) but doesn’t mention y, (3) is not equivalent to (2).  Since not all steps are equivalent, I have only explicitly shown that xy+2x+y+2 = 99 ( [x,y]{[2,31],[8,9],[10,7],[32,1]}. To show equivalence merely check that each of these 4 pairs satisfies (1).  Since (1) and (2) are equivalent and I found y using (2), this check was implicit in my solution.  In general trying to determine y will usually eliminate values suggested for x that do not satisfy the original equation.

Exercise 3  Find all diophantine root pairs [x,y] for the equation xy+2x+y = 68.

Example 4  Find the diophantine roots for xy+2x+3y = 29. Adding 6 to both sides of the equation, gives (x+3)(y+2) = 35.  Solving x+3 = 5  x+3 = 7, gives x = 2  x = 4, and hence [x,y]{[2,5],[4,3]}.

Exercise 4  Find all diophantine roots [x,y] for the equation xy+4x+2y = 41.

Exercise 5  Find all diophantine roots [x,y] for the equation xy+4x+2y = 75.

Exercise 6  Find all diophantine roots [x,y] for the equation xy+3x+3y = 54.

Exercise 7  Find all diophantine roots [x,y] for the equation xy+7x+9y = 48.

Answers For Section 0

Ex0  If Cinderella had grown older, then next year the sisters would receive (x+1)(y+1)(x+9) marks and a year later (x+2)(y+2)(x+10) marks.  Thus the total number of marks for two years would have been (x+1)(y+1)(x+9)+(x+2)(y+2)(x+10).  However Cinderella will always be x years old, so the total for two years will only be x(y+1)(x+9)+x(y+2)(x+10) marks.  The difference, we are told, is 1382 marks.

(x+1)(y+1)(x+9)+(x+2)(y+2)(x+10)x(y+1)(x+9)x(y+2)(x+10) = 1382

(x+1)(y+1)(x+9)x(y+1)(x+9)+(x+2)(y+2)(x+10)x(y+2)(x+10) = 1382

(y+1)(x+9)+2(y+2)(x+10) = 1382

3xy+5x+29y = 1333

Ex1  Find all diophantine roots to the special case: b = 1, c = 2, k = 8.  This means we must find all pairs [x,y] where x,yZ+ and xy+x+2y = 8.  

  x = 1  3y = 7 so x ( 1

  x = 2  4y = 6 so x ( 2

  x = 3  y = 1,  checking [1,3] is a root

  x > 3  xy+x+2y > 8 so x  3.

Ex2  xy+2x+y = 89  xy+2x+y+2 = 91  (x+1)(y+2) = 713  [x,y]{[6,11],[12,5]}

E3  xy+2x+y = 68, xy+2x+y+2 = 70 ( (x+1)(y+2) = 257 

Thus x+1 = 2  x+1 = 5  x+1 = 7  x+1 = 10  x+1 = 14 

[x,y]{[2,33],[4,12],[6,8],[9,5],[13,3]} 

Furthermore each of these checks as a root.

E4  xy+4x+2y = 41  xy+4x+2y+6 = 49  (x+2)(y+4) = 49  [x,y] = [5,2]

E5  xy+4x+2y = 75  xy+4x+2y+6 = 83  (x+2)(y+4) = 83  [x,y]{} 

  This means there are no diophantine roots.
E6  xy+3x+3y = 54  (x+3)(y+3) = 63  [x,y]{[4,6],[6,4]}

While we could try setting x(3 to each of the factors of 63 only 7 and 9 are useful in finding diophantine roots for the equation (x+3)(y+3) = 63.  To see this observe that  4 (  x+3 & 4 ( y+3.   This condition on y(3 can be used to obtain an upper bound for x(3.  Since 4  y(3 implies 4(x(3) ( (x(3)(y(3) = 63, we must have x(3  15.  The only factors of 63 which satisfy 4  (x(3)  15 are 7 and 9, giving [x,y]{[4,6],[6,4]}.  Values for u outside this range give integer roots that are not diophantine, namely [2,60],[0,18],[18,0][60,2].  We can also get integer roots that are not diophantine by using negative factorizations.  For example using u = 7,v = 9 gives the root (10,12). 

E7  xy+7x+9y = 1  (x+9)(y+7) = 64  [x,y]{} 

Note  Having a standard procedure for solving problems of a certain type may obscure other solutions.  Since xy+7x+9y > 1, we can see without factoring that this equation has no diophantine roots.  The same phenomena may happen in other situations, so having a method for solving a particular class of problems does not mean that further reasoning may not be helpful.  For example, xy(bx(cy > b(c, so xy(bx(cy = k has no diophantine roots if k  b(c.  For k = b+c+1, [1,1] is the only diophantine root.  

SECTION 1  CINDERELLA AND HER SISTERS

Main Problem  Find a method for diophantine roots of any equation of the form. 

axy(bx(cy = k  (in this section a, b, c, kZ+)
Gam  Ant, you’ve been pounding into my head that one strategy for investigating problems is to consider special instances.  Well, I’ve just done that.  I’ve tried solving some special instances.  However, my search for the Cinderella’s has given me nothing but frustration.
Ant  Gam, there are instances and there are instances.  If you can’t get anywhere with one, then examine some others.  When I gave some specific ones, I may have mislead you into thinking that these are the best instances to consider.  Those may not have helped you solve the main problem, or even a messy case like Cinderella, but it might help you a least solve the special case below. 

Important Convention  Consider any equation E of the form (mx(r)(ny(s) = j.  From now on a useful factor of j means a positive integer u for which letting mx(r = u and ny(s = u/j gives a diophantine root for E.  From now on the letter u always denotes such a useful factor for the equation being considered.

For example recall the equation (x(3)(y(3) = 63 from Exercise 6 from the previous section  The only useful factors were 7 and 9.  To see this we can note for  x(3 = u & y(3 = 63/u, we must have 4  u & 4  63/u.  This second condition gives  4u ( 63, and hence u  15.  This give a range for useful factors, namely 4  u  15. 

Problem 1  Solve the case of the main problem, where a = 1.  That is, given b, c, k describe an equation of the form (x(c)(y(b) = j.  Provide a criteria telling exactly which factors are useful. 

xy(bx(cy = k.
Ant  One very important problem solving strategy is to transform a problem you want to solve to a special case of one you already can solve.  Our main problem for this section is a good example of a problem which can be solved this way.
Gam  I suppose it will become clear to me eventually how to do that, Ant.  Meanwhile, I don’t know how to find Cinderella’s age, since every thing I have tried is clearly an inefficient approach. 
Ant  Recall that the equation for Cinderella’s age was 3xy+5x+29y = 1333.   Let us focus on an equation whose left side is the same as that one, but which has a small diophantine root.  Suppose we want it to have the root [2,1].  Since 321+52+291 = 45, the equation 3xy+5x+29y = 45 will have this root.  Knowing the root in advance may help us focus on a method that could have been used to find it.  What can we do so the left hand side will not have a 3 in front of xy?  
Gam  I would know what to do, Ant, if the other numbers were divisible by 3, but since they are not, I still do not know how to proceed. 
Ant   In the rational numbers, all numbers are divisible by 3. The equation 3xy+5x+29y = 45 is equivalent to xy((5/3)x((29/3)y = 15, and thus to xy((5/3)x((29/3)y((5/3)(29/3) = 15+(5/3)29/3).  This  factors as (x+29/3)(y+5/3) = 280/9. 
Gam  That does not seem fair or helpful Ant.  We are supposed to be working with positive integers and looking for diophantine roots.  It also seems messy.
Ant  We are looking for x,yZ+, but there is no reason we must do all of our thinking there.  Having used fractions, we merely multiply by 9 to get back to Z+, obtaining 3(x+29/3)3(y+5/3) = 9280/9.  This  gives (3x+29)(3y+5) = 280.  To find diophantine roots, let 3x+29 = u.  Since 32  3x+29, we have32  u.  Also  3y+5  280/u.  Hence 8u  280, u  35.  Since u400 & 32  u  35, u = 35.  Solving 3x+29 = 35 gives [x,y] = [2,1] as the only diophantine root. 
Gam  I’d like to try finding Cinderella’s age next.  I have some ideas now of an approach. 
Ant  Fine, I’ll make that the next problem.  Pursue your own ideas before reading the strategy I suggest.  However there is a slight complication in solving the Cinderella equation, unlike our solution to the equation 3xy+5x+29y = 45.  If you want to discover this for yourself skip the following example. 

Example 1  Suppose we start with the equation 3xy+5x+29y = 85.  Reasoning as before gives the equivalent equation (3x+29)(3y+5) = 400 and for any useful factor, 32   u  50.  While 40400 and 40 is in this range, 3x+29 = 40 has no root in Z+, so 40 is not useful.  Thus 3x+29 = 50 gives [7,1] as the only diophantine root.  To see why 50 is useful but 40 is not, apply r3 to 3x+29 = u and note that for u to be useful we must have r3u = 2. 

Problem 2 (Cinderella)  Find diophantine roots [x,y] of 3xy+5x+29y = 1333.  Find an equivalent factored equation either with or without using rationals.  Find the ages of Cinderella and her sisters. 

Strategy  Dividing by 3, reduces this problem to the case in which a = 1.  After factoring, multiply by 9 to obtain (3x+29)(3y+5) = 4144.  Dividing by 3 and multiplying by 9 is equivalent to multiplying by 3.  So you can avoid fractions if you just multiply the original equation by 3.  Since 32 ( 3x(29 & 8 ( 3y(5.  A useful factorization u is one for which 32 ( u and 8 ( 4144/u.  Use 4144 = 2222737, to find the values of u factors in this range.  At some point also use the condition x < y < x+8. 
Ant  Before generalizing your solution for Problem 2, Gam, I’d like to make some comments.  First, altho our search pertains only to Z+, it proved convenient to use rational numbers.  It is fairly common to look for diophantine roots by working in structures other than Z+.  Second, in the Problem 2 there were 8 factors in the range for u but only 4 of them were useful.  Perhaps there is way to eliminate factors without trying to solve equations.  This second comment is related to my first.  Consider the equation 3x+29 = u from Example 1.  We cannot use u = 40 because 3 isn’t a factor of 4029.  This suggests that we might use the structure Z3.  What does 3x+29 = 40 give if we use the function remainder function r3? 
Gam  Ant, r3(3x(29) = 2 & r3(40) = 1, but 2 ( 1, so this is impossible.  The same thing happen for all the equations in the Problem 2 which involve nonuseful factors of 4144. 
Ant  When something impossible follows from an equation for Z+, that means the equation cannot be satisfied in Z+.  Since r3(3x+29) = 2, the only numbers u that can be useful for 3x+29 are those for which r3u = 2.   Problem 3 generalizes the method used in solving Problem 2. 

Problem 3  Find an equation which is equivalent to axy(bx(cy = k, but is in the form (ax(c)(ay(b) = j.  Also, give a range and a condition for rau. 

Strategy  Note that (ax(c)(ay(b) = a2xy(abx(acy(bc.  Transform the equation axy(bx(cy = k to one of the form (ax(c)(ay(b) = j.  To obtain a range for u, use c(a ( u & b(a ( j/u.  To find a condition for rau apply the remainder function ra to the equation for u. 
Gam  Ant, Problem 3, solves our main problem, so it looks like we are finished.
Ant  In a sense yes.  This does yield all diophantine roots to any equation of the form axy(bx(cy = k, but before becoming satisfied with this general result see how fast you can find all diophantine roots to the equation 2xy+4x+10 = 31? 
Gam  Ant, I think this is a trick question.  I don’t need to compute to see that 2xy+4x+10y = 31 doesn’t have diophantine roots.  The left hand side of that equation is even, but 31 is odd.  Using one of your favorite structures Z2, and taking r2 of both sides, I get 0 = 1.  Since this is impossible, this equation has no diophantine roots. 
Ant  Right, and by the same argument it does not even have roots in Z.  Another example of an equation with no roots in Z is 12xy+6x+18y = 85, because using r6 gives 0 = 1. 
Gam  I see.  I can give you another that has no integer roots, say 1000xy+300x+8000y = 81236785, since this give 0 = 5.  I think I can use remainders to avoid work on many such equations. 
Ant  You clearly have at least part of the main idea.  More generally, examine the following problem. 

Problem 4  Let g = gcf{a, b, c}.  How must k and g be related if axy(bx(cy = k is to have any integer roots?  When this happens and g > 1, give an equivalent equation with smaller coefficients. 

Strategy  Use the function rg to relate k and g.  

Important Observation  An equation with diophantine roots it is equivalent to an equation axy(bx(cy = k with gcf{a, b, c} = 1.  From now on we focus only on such equations.  By our general result, this is equivalent to (ax(c)(ay(b) = ka(bc.  Not all such equations have diophantine roots, as is evident from the equation (x+9)(y+7) = 64 in Exercise 7.  However all factors of 64 give integer roots.  If a > 1, looking at rau can sometimes eliminate factors that are not useful, and even show that ka(bc has no useful factors.  For example the equation 5xy+3x+2y = 253 is equivalent to (5x+2)(5y+3) = 1271.  For this equation, r5u = 2.  The set of factors for 1271 is {1,31,41,1271}, all of which have remainders of 1 in Z5.  Thus this equation has no diophantine roots.  It does not even have integer roots, since the other integer factors of 1271 all have remainders of 4 (mod 5).  Another equation without integer roots, and hence no diophantine roots, is 14xy+7x+4y = 99.  Our general result gives (14x+4)(14y+7) = 1414.  Instead of using this, we can factor 14 from both sides, giving an equation with smaller numbers, namely (7x+2)(2y+1) = 101.  Thus u must satisfy u101 & r7u = 2.  The integer factors of 101 are {1, (1, 101, (101}.  None of these have a remainder of 2 (mod 7).  Therefore, there is no integer u such that u101 & r7u = 2. 
Gam  Ant, I have an observation about your observation about using our general result with the equation 14xy+7x+4y = 99, and then factoring 14 out to give an equation with smaller numbers.  Why not just add 2 and factor 14xy+7x+4y+2 = 101, since this factors directly into (7x+2)(2y+1) = 101? 
Ant  Good observation.  I was coming to this.  I used our general result merely to illustrate another reason we might not want to use it.  To focus on this consider ‘6xy+2x+3y = 19’.  By our general result, we have (6x+3)(6y+2) = 120.  Thus 9  u  15, r6u = 3.  Letting 6x+3 = 15 gives [x,y] = [2,1] as the only diophantine root.  What happens if we do it your way? 
Gam  Ant, I added 1 then factored to get (2x+1)(3y+1) = 20.  Thus 3  u  5, r2u = 1. This also gives [2,1] as the only diophantine root.
Ant  Now consider 15xy+35x+3y = 169.  Our general result gives (15x+3)(15y+35) = 2640, 18  u  52, r15(u) = 3.  So u{33,48}.  For 15x+3 = 48 we have 15y+35 = 55, so u ( 48.  Letting 15x+3 = 33 gives [x,y] = [2,3] as the only diophantine root.  How can we obtain this using a more direct factorization? 

Gam  I get (5x+1)(3y+7) = 176 as our factored equation.  Thus 6  u  17 & r5u = 1, so  u{11,16}.  From 5x+1 = 11 we get [2,3], but 5x+1 = 16 gives x = 3 and 3y = 4.  From the condition on u, 16.should have been useful.  What went wrong? 
Ant  When I used the general result, 33 and 48 were both in the range and satisfied the condition r15u = 3. This meant that no other values could be useful, but as we saw 48 was not useful.  Our condition for useful factors is a necessary one, but it is not always sufficient.  However using your simpler factorization as another advantage. It allows us to obtain another remainder conditions.  Using (3y+7)u = 176, we also obtain r3u = 2.  One way to see even if you do not understand know modular structures  is to write (3y+7)u as 3(y(2u)(u.   Since r316 = 1, 16 is not useful.  Trying this on my factorization gives 5r15u = 0 and this merely tells me something I already knew.

Gam  Well Ant, I expect you now want us to see which equations axy(bx(cy = k have simpler factored forms than (ax(c)(ay(b) = ka(bc.
Ant  Correct, but as a prelude you may want to look at some specific instances, such as 10xy+2x+5y = 54, 15xy+5x+3y = 169, 6xy+x+3y = 17, 3xy+15x+2y = 470, or others you can imagine.  I suggest trying some of these and some of your own before reading further.  Unless the coefficient of y is 1, I will also use the second factor to obtain a remainder condition for u.  You may even want to skip my analysis. 

Analysis  You might compare this analysis to the use of our general result.

10xy+2x+5y = 54

(5x+1)(2y+1) = 55

u55, 6  u  18, r5u = 1, r2u = 1,

5x+1 = 11

[x,y] = [2,2]
15xy+5x+3y = 169

(5x+1)(3y+1) = 170

u170, 6  u  43, r5u = 1 r3u = 2

u(Z+
no diophantine roots

6xy+x+3y = 17

(2x+1)(6y+1) = 35

u35, 3  u  5, r2u = 1, r6u = 5

2x+1 = 5

[x,y] = [2,1]
3xy+15x+2y = 470

(3x+2)(y+5) = 480

u480, 6  u  18, r3u = 2

3x+2 = 32  3x+2 = 5  3x+2 = 20  3x+2 = 80

[x,y]{[10,10],[1,91],[6,19],[26,1]}

Problem 5  For any equation of the form axy(bx(cy = k, where gcf{a,b,c} = 1, show how to find an equivalent equation of the form (mx(r)(ny(s) = w in which gcf[m,r} = 1 & gcf{n,s} = 1.

Ant  Does the equation 6xy(10x(21y = 212 have any diophantine roots?

Gam An equivalent factored equation is  (2x(7)(3y(5) = 13(19.  For a useful factor, 9 ( u & 8 ( 247/u.  giving a range of  9 ( u ( 30.  Since u = 2x(7, r2u = 1.  I also used modular algebra with u(3y(5) = 247 to obtain r3u =2.  Altho r213 & r219 are 1, neither has a remainder of 2 (mod 3).  So no diophantine roots.

Ant  Good, and if anyone doesn’t see how to easily use modular algebra to get r3u = 2, they can look in Appendix A. 

Answers For Section 1

Problem 1  Solve the case of the main problem, where a = 1.  That is, given b, c, k give an equation of the form (x(c)(y(b) = j.  Provide a criteria telling exactly which factors are useful. 

xy(bx(cy = k, for any b, c, k in Z+
Solution  First note that xy(bx(cy(bc = (x(c)(y(b).  Thus adding bc to both sides of xy(bx(cy = k, gives xy(bx(cy(bc = k(bc, which by factoring the (x(c)(y(b) = k(bc.  To find diophantine roots, consider useful factors u of k(bc.  Since c+1  x(c, c(1  u.  Since b(1  (k(bc)/u,  u(b(1)   k(bc.  Thus we have a range for u, namely c(1  u  (k(bc)/(b(1).  If there are no factors of k(bc in this range then the equation xy(bx(cy = k has no diophantine roots. 

Comment:  Solving specific instances of these equations involves 2 applications of factoring.  First you factor xy(bx(cy(bc = k(bc obtaining (x(c)(y(b) = k(bc.  Then you find useful factorizations of k(bc.  To do this in some systematic fashion, and thus avoid missing any useful factors, it may be helpful to consider prime factorization of k(bc. 

Problem 2 The Cinderella Problem   Find all diophantine roots of the equation: 3xy+5x+29y = 1333.  Find an equivalent factored equation both with and without using fractions.  What is Cinderella’s age?  What are her sisters ages? 

Answer With Rationals
Answer Without Rationals

3xy+5x+29y = 1333
3xy+5x+29y = 1333

xy((5/3)x+(29/3)y = 1333/3
3x3y+35x+329y = 3999

(x+29/3)(y+5/3) = 1333/3+(29/3)(5/3)
3x3y+35x+329y+529 = 4144

(x+29/3)(y+5/3) = 4144/9
(3x+29)(3y+5) = 4144

(3x+29)(3y+5) = 4144


To find diophantine roots, let 3x+29 = u, 3y+5 = 4414/u.

Since 32 ( u & 8 ( 4414/u, we have 32  u  518.  Also u = 3x+29 gives r3u = 2.  

Since 4144 = 222737, the possible values for u are {56,74,296,518}.  

  3x+29 = 56  [x,y] = [9,23]
  3x+29 = 74  [x,y] = [15,17]

  3x+29 = 296   [x,y] = [89,3]
  3x+29 = 518   [x,y] = (163,23]

Of the four diophantine roots, only [x,y] = [15,17] satisfies the additional condition that x < y < x+8 which their ages must satisfy.  So Cinderella is 15, Fushia 17, Begonia 23. 

Comment  We could use x < y < x+8 earlier to eliminate factors u that do not fit this condition.  Since
y < x+8, we have (3y+5)u < (3x+29)u, that is 4144 < u2.  This gives 64 < u.  Likewise x < y, gives (3x+5)2 < (3y+5)(3x+5) < 4144, so 3x(29 < 65(24, and u < 89.  Since 74 is the only factor of 4414 that satisfies this condition, we only need to examine the equation 3x+29 = 74.  Using such side information is considered in more detail in Section 2. 

Problem 3  Find an equation which is equivalent to axy(bx(cy = k, but is in the form (ax(c)(ay(b) = j.  Also, give a range and a remainder condition. 

Solution  axy(bx(cy = k  a2xy+abx+acy+bc = ka(bc  (ax(c)(ay(b) = ka(bc 

For a useful factor we have:(c(a)  u  (ka(bc)/(b(a)  &  rau = rac.  

Problem 4  Let g = gcf{a,b,c}.  How must k and g be related if axy(bx(cy = k is to have any integer roots?  When this happens and g > 1, give an equivalent equation with smaller coefficients.

Solution  axy(bx(cy = k  rgk = 0.  Thus axy(bx(cy = k has an integer root   gk.  If gk, we can divide by g obtaining the equation (a/g)xy((b/g)x+(c/g)y = k/g with gcf{a/g,b/g,c/g} = 1. 

Problem 5  For any equation of the form axy(bx(cy = k, where gcf{a,b,c} = 1, show how to find an equivalent equation of the form (mx(r)(ny(s) = w in which gcf[m,r} = 1 & gcf{n,s} = 1.

Solution  The solution to Problem 3 gives (ax(c)(ay(b) = ka(bc. To obtain gcf[m,r} = 1 and gcf{n,s} = 1, let m = a/gcf{a,c}, r = c/gcf{a,c}, n = a/gcf{a,b}, s = b/gcf{a,b}. Dividing by gcf{a,c}(gcf{a,b}

(mx(r)(ny(s) = rs((ka)/(gcf{a,c}(gcf{a,b}]  is equivalent to axy(bx(cy = k.

To see that the left side of this equation is in Z when gcf{a,b,c} = 1, we verify the following claims. 

Claim gcf{a,b,c} = 1    gcf{gcf{a,b},gcf{a,c} = 1.

Claim gcf{gcf{a,b},gcf{a,c}} = 1  gcf{a,b}(gcf{a,c}a

Proof 
(1)  gcf{a,b,c} = 1




assume

(2)  ja & jb & jc   j = 1  


by (1) definition of gcf

(3)  jgcf{a, b} & jgcf{a, c}   ja & jb & jc 
by definition of gcf

(4)  jgcf{a, b} & jgcf{a, c}   j = 1 

by (3)(2)

(5)  gcf{gcf{a, b},gcf{a, c}} = 1 


by (4) definition gcf

Proof  
(1) gcf{gcf{a,b},gcf{a,c} = 1

assume

 
(2)  m(gcf{a,c} = n(gcf{a,b} 

by m = a/gcf{a,c}& n = a/gcf{a,b}

(3)  gcf{a,b}m 


by (1)(2)

(4)  gcf{a,b}(gcf{a,c}m(gcf{a,c}
by (3)

(5)  gcf{a,b}(gcf{a,c}a

by (4)& m = a/gcf{a,c}

SECTION 2  ADDITIONAL CONSIDERATIONS

Perspective  Section 1 focused on finding diophantine roots of equations which could be transformed into the form (mx(r)(ny(s) = w; where m,r,n,s,w were in Z+.  Equations which could be transformed into this form with some of these coefficients being negative integers may also have diophantine roots.  

2xy2x3y = 2
2xy+2x+3y = 8
6xy16x9y = 19

(2x3)(y1) = 5
(2x3)(y1) = 5
(2x3)(3y8) = 5

[4,2],[2,6]
[1,6]
[1,1],[4,3]

Notation  If an equation can be transformed to an equivalent one of the form (mx(r)(ny(s) = w, this can always be done in such a way that m and n are positive.  For example if we have an equation which was factored as ((2x(3)(y(1) = 5, we could transform it to (2x3)(y1) = 5.  Thus we will let m and n always denote positive integers. 

Important Observation  As before u represents a useful factor of w, however u or w/u make take negative values. For example, (1 is the useful factor which gives the root [1,1] in the last equation above, and w/u is 5.  However (5 is not a useful factor since (1 ( 2x(3.  Trying 1 for u gives x = 2, y = 13/3 and so 1 is not a useful factor.  This section will freely use modular algebra.  From u(3y(8) = 5, we have r3u = 2.  Thus we can see in advance that 1 would not be useful. 

Exercise 0  Find the diophantine roots to each of the following equations.

xy7x5y = 36,
xy5x+7y = 5,

3xy+6x12y = 3,
6xy14x15y = 47

15xy10x3y = 61,
4xy2x10y = 8,
3xy+6x10y = 1,
21xy7x15y = 13

Side Conditions  The Cinderella Problem used the equation (3x+29)(3y+5) = 4144.  It also had the side condition x < y < x+8 which could have been used as indicated below to narrow the range for useful factors and eliminate all of the factors of 4144 of except 74.

Since y < x+8, we have 3y+5 < 3x+29,  giving 4144/u < u, so 4414 < u2, and hence 64 < u.

Also x < y gives 3x(5 < 3y(5, so u24 < 4414/u, so (u24)u < 4414, and hence  u < 88.

Using such side conditions will be considered by most problems in this section. 

Intercept  How many lines thru the point [5,3] have positive integer intercepts with both the x and y axis?  Find these intercepts and the equations of these lines.  Do the same for the point [13,7].  Generalize for any point [p,q] where p and q are different positive primes. 

Strategy  Let [0,y] and [x,0] be intercepts of such a line thru [5,3].  Express the slope this line in two ways using each of the intercept points with [5,3].  Use equation obtained and the condition x > 0 & y > 0 to show that only positive factors u are useful. 

Polygon Angles  The interior angle size of an equilateral triangle is 60.  The interior angle size of a regular hexagon is 120.  Thus the angle ratio is 1/2 for a regular triangle to a regular hexagon.  Is the angle ratio is 1/2 for any other regular polygon pairs?  Find all pairs regular polygon  for which the angle ratio is 2/3.  Do the same for 3/4, for 4/5. 

Note  The size of the interior angle in a regular nagon is 180(n2)/n.

Strategy  If the angle ratio of a regular xagon to a regular yagon is 1/2 we have (x2)y/(y2)x = 1/2.  Since these are polygons, and since the smaller angles are in the one with the fewer sides, we have the side condition 2 < x < y.  For an equation of the form ‘(xa)(y+b) = c’ and any useful factor of c we must have u < 0.  Why?  Recall we let xa = u & y+b = v.

Consecutive Integer  Since 1+2+3+4+5+6+7+8+9+10+11+12+13 = 91, the number 91 is the sum of 13 consecutive positive integers.  We can also represent 91 as the sum of 2 consecutive integers, 45+46 = 91.  For which other value of x is 91 the sum of x consecutive positive integers?  Give this sum.

Strategy  The last term in the sum of x consecutive integers starting with y is y+x1, express 91 as the number of terms times the average of the first and last term.  

Additional Question  j is the sum of 2 consecutive integers if and only if j is odd.  Under what conditions is an integer the sum of 3 consecutive integers?  Let k be any positive integer, under what conditions is an integer the sum of k consecutive integers?  

Digit Cancellation  Note that 49/98 = 4/8, but 34/47 ( 37.  Suppose we have a proper fraction whose numerator and denominator are both 2 digit numbers and whose last digit in the numerator is the same as the first digit in the denominator.  When will cancellation of these digits yield a correct reduction of the fraction? 

Strategy  We must find {x, y, z} with (10x+z)/(10z+y) = x/y and 0 < x < y < 10.  This equation gives 9xy+zy10xz = 0.  Use 0 < x < y & z(yx) = 9x(zy) to show y < z.  Since there is a root triple for z = 9, let z = 9 and solve for x and y.  If z < 9, use Z9 to show that z = 6 & y = x+3, and then solve for x and y. 

Losing Battle  An example of an equation with negative coefficients and some diophantine roots might arises in solving the following problem.  I’ve come out second best in my battle with the men’s union, said Sir Jonas Whalebone disgustedly. How so? asked someone. It was a matter of getting 69489 crates shifted, said Sir Jonas. The job took nine working days.  I didn’t think the chaps shifting them were putting all they had into it.  The union leaders thought otherwise.  Every day after the first I put six more men onto the job; and every day after the first, the union had each man shift five fewer crates than they did the day before.  The result was that, during the latter part of the period, the daily number of crates shifted actually began to go down. You should have tried payment by results, said someone.  Sir Jonas snorted.  Try telling that to my union.  What was the largest number of crates shifted on any one day? 

Strategy  Let x be the number of men working on the day 0 and y be the number of crates moved per man on day 0.  

  Day
0
1
2
3
4
5
6
7
8

Men
x
x+16
x+26
x+36
x+46
x+56
x+66
x+76
x+86

Rate
y
y15
y25
y35
y45
y55
y65
y75
y85

Taking men times rate for each day and adding gives the total number of crates moved. 

Alternate Strategy  Let x be the number of men working on the day 4 and y be the number of crates moved per man on day 4.  

Remark  A separable equation may separate into factors one or more of which involves both x and y.  For example the equation xy+x22x2y = 5 transforms to (x2)(x+y) = 5.  This gives x2 = 1 & x+y = 5, giving [3,2] as its diophantine root.  

Unit Fraction  A 1986 COMAP newsletter asks for a proof that 7/17 cannot be represented as the sum of a pair of unit fractions 1/x+1/y.  This suggests the separable factor equation below.  It is easy to show that for any useful factor of 289, 0 < u < 17 and r7u = 4.  Hence this equation has no diophantine roots. 

7/17 = 1/y+1/x  7xy17x17y = 0  (7x17)(7y17) = 289

On the other hand 3/17 = 1/6+1/102, so 3/17 can be represented as the sum of a pair of unit fractions.  A fraction like 2/3 can be represented as 1/3+1/3 or 1/4+1/12.  To find out when a fraction is the sum the same two unit fractions is fairly easy, so we ignore this case and focus on representations by a pair of distinct unit fractions.  Also, we can always write the sum using the larger fraction first, so by a unit fraction denominator pair for a proper reduced fraction a/b we mean a pair of integers [x,y] with 1 < x < y and a/b = 1/x+1/y.  Let UFDP(a/b) denote the set of unit fraction denominator pairs for the fraction a/b.  Our general problem is finding UFDP(a/b), for any proper reduced fraction a/b.  Show that this is equivalent to finding diophantine roots with 1 < x < y to the equation (axb)(ayb) = b2.  Also show that for useful factors of b2, 0 < u < b and rau = rab.  Since the application of this criteria can be tedious in case b2 has many factors, I suggest a number of exercises that focus on some specific cases.  

Exercise UF0  Show that UFD(1/b) always has at least 1 element, namely [b(1, b(b(1]. 

Exercise UF1  For which numbers a is UFDP(a/17) the empty set? 

Exercise UF2  Show that UFDP(5/12) has 2 elements.  Find them.

Exercise UF3  Find UFPD(a/11) for 1  a  10.

Exercise UF4  Show that if a is not a factor of b(1then UFPD(a/b) is empty.  Also show that if b is prime and ab+1 then [(1+b)/a, b(1+b)/a] is the only element of UFPD(a/b).  

Exercise UF5  Try some fractions for which b = p2 where p is prime.  For which numbers a is UFD(a/b) empty?  Are there any such fractions that have such that UFPD(a/b) has more than one member?  

Exercise UF6  Investigate UFPD(a/b) when a is odd and b is a power of 2.

Exercise UF7  Let b2 = mn with m < b < n.  Show that 1/b has a representation of the form 1/y+1/x where x = m(b and y = n(b.  Show that each representation for 1/b is of this form for some such m and n.  

Exercise UF8  Let a = 2 and b2 = mn with m < b < n.  Explain why m(b and n(b are both even.  Show that 2/b has a representation of the form 1/y+1/x where x = (m(b)/2 and x = (n(b)/2.  Show that each representation for 2/j is of this form for some such m and n.  

Acknowledgement  The Losing Battle Problem and the Cinderella Problem were taken from ??  More problems giving rise to separable factor equations would be welcome and will be acknowledged if included in this paper.  Links will also be provided if they are requested.  I would also be pleased o learn of any reactions or comments on this unit.
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Answers For Section 2

Intercept  How many lines thru the point [5,3] have positive integer intercepts with both the x and y axis?  Find these intercepts and the equations of these lines.  Do the same for the point [13,7].  Generalize for any point [p,q] where p and q are different positive primes. 

Solution   Equating 2 ways of finding the slope of any such line gives the equation below.

(y3)/(05) = (03)/(x5)  and hence  (x5)(y3) = 15

Since x > 1 < x & 1 < y,  4 < u & 2 < 15/u.   Thus negative values for u and 15/u cannot yield a product larger than 8.  The positive factors of 15 are useful, giving the roots: [6,18], [8,8], [10,6], [20,4].  Thus the desired intercepts and equations of these lines thru [5,3] is: 

[0,18] [6,0]

[0,8]  [8,0]

[0,6]  [10,0]

[0,4]  [20,0]

3x+y = 18

x+y = 8

3x+5y = 30

x+5y = 20

Similar analysis gives for the point [13,7] gives (x13)(y7) = 137.  This equation has diophantine roots [14,98], [20,20], [26,14], [104,8].  The desired intercepts and equations of these lines ares: 

[0,98] [8,0]

[0,20] [20,0]

[0,15] [26,0]

[0,8] [104,0]

7x+y = 98

x+y = 20

7x+13y = 182

x+13y = 104

In general we have (xp)(yq) = pq, which gives diophantine roots [p+1,pq+q], [p+q,p+q], [2p,2q], [pq+p,q+1].  The desired intercepts and equations of these lines thru [p,q] is: 

[0,pq+q] [p+1,0]

[0,p+q]  [p+q,0]

[0,2q]  [2p,0]

[0,q+1]  [pq+p,0]

qx(y = (p(1)q  

x+y = p(q

qx(py = 2pq

x(py = p(q+1)

Polygon Angles  The interior angle size of an equilateral triangle is 60, that of a regular hexagon is 120.  Thus the ratio of these sizes is 1/2.  Are there any other pairs of regular polygon types for which the ratio of there interior angle sizes is 1/2.  Find all pairs of regular polygon types for which the ratio of interior angle sizes is 2/3.  Do the same for 3/4, for 4/5. 

Solution  (x2)y/(y2)x = 1/2, giving xy+2x4y8 = 8, (x4)(y+2) = 8.  For a useful factor (8/u > 0, so u < 0.  Also since 2 < x, 2 < x4 = u. Thus 2 < u < 0.  Using u = 1 give x = 3 & y = 6 as the only pair with ratio 1/2.  

For ratio 2/3, 3(x2)y = 2(y2)x, xy+4x6y = 0, (x6)(y+4) = 24.  Since 4 < u < 0,  u{3,2,1}.  There are 3 pairs of such polygons: [3,4], [4,8], [5,24]. 

For ratio 3/4, (x8)(y+6) = 48.  Since 6 < u < 0, u{4,3,2,1}, giving [4,6], [5,10], [6,18], [7,42]. 

For ratio 4/5,  (x10)(y+8) = 80 & 8 < u < 0, u{5,4,2,1}. giving [5,8], [6,12], [8,32], [9,72]. 

See Appendix 1 for further questions related to this problem.

Consecutive Integer  Since 1+2+3+4+5+6+7+8+9+10+11+12+13 = 91, the number 91 is the sum of 13 consecutive positive integers.  We can also represent 91 as the sum of 2 consecutive integers, 45+46 = 91.  For which other value of x is 91 the sum of x consecutive positive integers?  Give this sum.

Solution  Let y be the first of x consecutive integers whose sum is 99.  Since 91 = x(2y+x1)/2, we must find diophantine roots of the equation x(2y+x1) = 182.  Since x < 2y+x1, xx < 182, x < 14.  Other than 2 and 13, the only factors of 182 in this range are 1 and 7.  While x = 1 gives y = 91, we normally do not think of 91 = 91 as a sum.  For x = 7 we have y = 10.  10+11+12+13+14+15+16 = 91

Digit Cancellation  Suppose we have a proper fraction whose numerator and denominator are both 2 digit numbers and whose last digit in the numerator is the same as the first digit in the denominator.  When will cancellation of these digits yield a correct reduction of the fraction? 

Solution  By 9xy+zy10xz = 0, z(yx) = 9x(zy), and since 0 < z & 0 < x < y we have y < z.  For z = 9, xy+y10x = 0, (x+1)(y10) = 10.  So x{1,4}.  Thus 19/95 and 49/98 are the only such fractions using the digit 9.  Using r9 on 9xy+zy10xz = 0 gives z(yx) = 0 (mod 9).  Since 0 < x < y < z < 9, we have z = 6 &y = x+3.  Thus x(x2) = 2, giving x = 1 & y = 4 or x = 2 & y = 5.  Thus 26/65 and 16/64 are the only other such fractions. 

Losing Battle  An example of an equation with negative coefficients and some diophantine roots might arises in solving the following problem.  I’ve come out second best in my battle with the men’s union, said Sir Jonas Whalebone disgustedly. How so? asked someone. It was a matter of getting 69489 crates shifted, said Sir Jonas. The job took nine working days.  I didn’t think the chaps shifting them were putting all they had into it.  The union leaders thought otherwise.  Every day after the first I put six more men onto the job; and every day after the first, the union had each man shift five fewer crates than they did the day before.  The result was that, during the latter part of the period, the daily number of crates shifted actually began to go down. You should have tried payment by results, said someone.  Sir Jonas snorted.  Try telling that to my union.  What was the largest number of crates shifted on any one day? 

Solution  Letting x be the number of men working on the day 0 and y be the number of crates moved per man on day 0, yields xy20x+24y480 = 7921.  

  Day
0
1
2
3
4
5
6
7
8

Men
x
x+16
x+26
x+36
x+46
x+56
x+66
x+76
x+86

Rate
y
y15
y25
y35
y45
y55
y65
y75
y85

xy((xy15x(16y3012)(...((xy85x(86y3082) = 69489

9xym5x+m6y30n = 69489; m = 1+2+3+4+5+6+7+8, n = 12+22+32+42+52+62+72+82
9(xy20x+24y680) = 97721

xy20x+24y480 = 7921

(x+24)(y20) = 892
The only relevant useful factor is 89, giving [x,y] = [65,109]. The table below shows 7921 as the most crates moved.  The other diophantine root [7897,21] gives a rate 19 on day 8.

Day
0
1
2
3
4
5
6
7
8

Men
65
71
77
83
89
95
101
107
113

Rate
109
104
99
95
89
85
79
75
70

Work
7085
7384
7623
7802
7921
7980
7979
7918
7797

Unit Fractions  a/b = 1/x+1/y  axy = by(bx  (axb)(ayb) = b2.  Below we show 0 < u < b.

Let u be a useful factor of b2 with u = axb, and let v = ayb, so uv = b2. Clearly rau = rab.  The side condition 1 < x < y gives b < axb < ayb so b < u < b2/u.   Assuming u < 0 gives  (b2/u  < (u  < b and from the we can derive the contradiction b2 < u2 < (ub & (ub < b2.  Thus 0 < u.  This gives u2 <  b2.

Exercise UF0  Show that UFD(1/b) always has at least 1 element, namely [b(1, b2(b]. 

Solution  1/(b(1)(1/(b2(b) = b/(b2(b)(1/(b2(b) = (b(1)/(b2(b) = 1/b

Exercise UF1  For which numbers a is UFDP(a/17) = {}? 

Solution To find UFD(a/17) examine (ax17)(ay17) = 289.  The only possible useful factor is 1.  This gives ax = 18 & ay = 18(17.  If a(18 then x = 18/a and y = 17x.  Otherwise UFDP(a/17) = {}

Exercise UF2  Show that UFDP(5/12) has 2 elements.  Find them.

Solution  (5x12)(5y12) = 144 and 0 < u < 12 & r5u = 3, gives u{8,3}.  UFDP = {[4,6],[3,12]}.  From these we obtain the only representations for 5/12:  5/12 = 1/4+1/6 & 5/12 = 1/3+1/12. 

Exercise UF3  Find UFPD(a/11) for 1  a  10.

Solution  (ax11)(ay11) = 121 and 0 < u < 11.  Thus u = 1, ax = 12.  Unless a12, UFD(a/11) = {}. 
For a12,  UFD(a/11) = {12/a,132/a}. 

1/11 = 1/12+1/132,    2/11 = 1/6+1/66,    3/11 = 1/4+1/44,    4/11 = 1/3+1/33,    6/11 = 1/2+1/22

Exercise UF4  Show that if a is not a factor of b(1then UFPD(a/b) is empty.  Also show that if b is prime and ab+1 then [(1+b)/a, b(1+b)/a] is the only element of UFPD(a/b).  

Solution  (axb)(ayb) = b2.  0 < u < b.  Since b is prime, ax = b+1  Thus we must have ab+1, in which case UFD(a/b) = {[(b+1)/a, b(b+1)/a]}.

Exercise UF5  Try some fractions for which b = p2 where p is prime.  For which numbers a is UFD(a/b) empty?  Are there any such fractions that have such that UFPD(a/b) has more than one member?  

Solution  Consider (ax9)(ay9) = 81. Since  0 < u < 9, we have u = 1 or u = 3, giving ax = 10 or ax = 12.  Unless a(10 or a(12 then UFD(a/9) = {}.  If a(10 & a(12 then UFD(a/9) has 2 elements. 

UFD(1/9) = {[10,90], [12,36]} 
i.e.
1/9 = 1/10(1/90 & 1/9 = 1/12(1/36

UFD(2/9) = {[5,45], [6,18]}

i.e.
2/9 = 1/5(1/45 & 2/9 = 1/6(1/18

In general UFD(a/p2) = {} unless a(p2(1 ( a(p2(p.  Only if a = 1 or a = 2 are both a(p2(1 & a(p2(p

UFD(1/p2) = {[p2(1, p4(p2], [p2(p, p3(p2]} 

UFD(2/p2) = {[(p2(1)/2, (p4(p2)/2], [(p2(p)/2, (p3(p2)/2]} 

Exercise UF6  Investigate UFPD(a/b) when a is odd and b is a power of 2.

Exercise UF7  Let b2 = mn with m < b < n.  Show that 1/b has a representation of the form 1/y+1/x where x = m(b and y = n(b.  Show that each representation for 1/b is of this form for some such m and n.  

Exercise UF8  Let a = 2 and b2 = mn with m < b < n.  Explain why m(b and n(b are both even.  Show that 2/b has a representation of the form 1/y+1/x where x = (m(b)/2 and x = (n(b)/2.  Show that each representation for 2/b is of this form for some such m and n.  

APPENDIX A Modular Structures

APPENDIX B FURTHER EXPLORATIONS FOR POLYGON ANGLES 

Q1  Each of the ratios considered were of the form n/(n+1).  For such ratios there was a pair in which one polygon had twice as many sides as the other.  Does this continue to hold for ratios of the form n/(n+1)? 

Q2  Let ¤(n) be the number of polygon pairs having ratios of the form n/(n+1).  Earlier we found the first 4 entries below.  Verify additional entries.  Show that nò8   ¤(n)ò7.  Find all values of n such that 40 < n < 50 & ¤(n) = 7.

  n  ] 1 ] 2 ] 3 ] 4 ] 5 ] 6 ] 7 ] 8 ] 9 ] 10 

 ¤(n)] 1 ] 3 ] 4 ] 4 ] 7 ] 7 ] 5 ] 8 ] 8 ]  7

Q3  Is the set {n:¤(n) finite or infinite? 

Q4  There was exactly one pair of polygons with ratio 1/2.  How many pairs are there with ratio 1/3?  How many with ratio 1/4?  Generalize. 

Q5  There are exactly 3 pairs of polygons with ratio 2/3.  How many pairs are there with ratio 2/5?  How many with ratio 2/7?  Generalize. 

Q6  Show that a factored equation for the case m/n where, gcf{m,n} = 1 and not both of m and n are odd, can be given by (ax2m)(ay2n) = 4mn, where a = mn.  Show that uv is a useful factorization of 4mn iff 2n < u < 0 and rau = ra(m+n).  

Q7  Show that a factored equation for the case m/n, where gcf{m,n} = 1 and both  m and n are odd, can be given by (axm)(ay2m) = 4mn, where a = (mn)/2.  Find a necessary and sufficient condition for useful factorization uv of mn.

Q8  Let m and n be twin primes with m > n > 0.  Explore polygon ratios of the form m/n.

S1  (n+1)(x2)y = n(y2)x

  xy+2n2(n+1)y = 0, 

 (x2(n+1))(y+2n) = 4n(n+1)

Since 2n < u < 0,  One useful factorization uv is x2n2 = n & y+2n = 4n+4.  This gives (n+2,2n+4).  

APPENDIX C FURTHER EXPLORATION UNIT FRACTION

General Problem  Show that ophantine root pairs [x,y] which satisfy the equation and side conditions: (axb)(ayb) = b2 & 1 < x < y; where gcf{a,b} = 1. 

??

  y = (b2/u+b)/a (b2+ub)/au

Solution  Letting u = axb, the roots are x = (b+u)/a, y = (b+b2/u)/a.  To find all diophantine roots use the criteria below to determine all useful factors u. 

  u is a useful factor  ub2 & ra(u) = ra(b) & 0 < u < b.

To establish this criteria we can reason as follows:

Assume ub2 & ra(u) = ra(b) & 0 < u < b.  Using the (mod a) condition, ra(b+u) = 0, 

so x = (b+u)/aZ+.  Since ub2, v = b2/uZ.  Since uv = b2, the (mod a) 

condition gives ra(v)ra(u) = ra[b], and hence ra(b+b2/u) = 0.  ?? ‘ ayb = v, Thus 

the root [x,y] is diophantine.  Since u > 0 & b > a, (b+u)/a > 1.  Since b > u, y = b+b2/u > b+u = 1.  So y > x > 1.?? 

??Conversely, assume ub2 & ra(b+a) = 0 & 0 < u < b.  Let v = b/a, so vZ+.  Let

x = (b+u)/aZ+.  Let y = (b+v)/a.  ra(uv) = ra(b2), so ra(uv) = ra(b2)

