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Background: This unit assumes an understanding of the fundamentals of coordinate geometry, such as the distance formula, the slope and intercepts of a line their relationship to the equation for a lines, the equation for circle in relation its radius and the coordinates of its center. It also assumes that you can add and multiply small matrices, multiply a scalar times a matrix, and find the inner product of vectors. A summary of the background assumed is given in the appendix. It also assumes you understand basic function concepts such as the composition of functions as defined below.

Notation:  The function fog, called f composed with g, is defined by (fog)(x) = g(f(x)) 

Terminology: Since a 2x1 matrix can be used as coordinates of a point in the plane, a 1x2 matrix will often be called a point. A point also determines a vector, namely the vector from the origin to that point. One way to think of a vector is to think of it as a directed line segment from the origin to some point. When thinking of vectors we refer to the 1x2 matrices as vectors.

A, C, X, U, P denote the points [a b], [c d], [x y], [u v], [p q] respectively.

( denotes the vector [cos() sin()] 

It is sometimes convenient to use linear text, such as [4 6, 8 2] for the matrix on the
right. In general, a comma indicates the beginning of a new row.



4  6

8  2


M denotes the 2x2 square matrix [a b, c d] with ad-bc ( 0. We define M as adbc, and call M the determinant of M.

The scalar product of 2 with [2 6, 4 1] give this matrix: 2[2 6, 4 1] = [4 6, 8 2]. When multiplying a matrix and a scalar we sometime write the scalar to the right of the matrix: [4 6, 8 2]/2 = [2 6, 4 1].  

The matrix [1 0, 01] is the multiplicative identity matrix, denoted as I.

Activities: At the end of each section, you will find a number of activities designed to reinforce various ideas. You can do the activities when they are mentioned in the text or when you finish the section. There are also exercises at the end of each section. These allow you to check and reinforce your understanding when you have completed the section. The problems at the end of the section are more challenging, and you may encounter some of them that you cannot solve even if you have a good mastery of the idea. 

Diagrams: Altho this unit is involves geometry, it is presented without diagrams. We strongly suggest that you use graph paper to make a variety of relevant diagrams. 
SECTION 1 Points and LINES and Circles  

The Problems: This section uses vector concepts to examine problems such as those listed below.

(Pr1) Given a point and a line, find the shortest distance from the point to the line. 

(Pr2) Given two intersecting lines, find the point of intersection. 

(Pr3) Given two parallel lines, find the distance between them.

Norms and Normal Vectors: X2 denotes the inner product of X with itself. The square root of X2 is denoted as ||X|| and is called the norm of X. The norm of X is the length of the vector X, i e. the distance of X from [0 0]. A vector of whose length is 1 is called a normal vector.

Perps: The inner product of 2 vectors 0 if and only if they are perpendicular. As an example, the vectors [4 3] and [(3 4] are have the same norm and perpendicular. In fact all the vectors that are perpendicular to [4 3] are scalar multiples [(3 4]. Using a variation of standard notation, we denote [(3 4] as [4 3](.

U( (read as U-perp) is obtained by rotating U counterclockwise 90-degrees:[u v]( = [(v u]

Bases: The set {[1 0], [01]} is a basis for the plane. This means that any vector [x y] can be represented uniquely as a sum of scalar multiples of these vectors: [x y] = x[1 0](y[0 1]. Since [1 0]( = [0 1], we can also write this as [x y] = x[1 0](y[1 0](. Exercise 2 shows that a similar basis formula can be given in terms of any normal vector U.

||U|| = 1 ( X = (XU)U((XU()U(.

When X is represented in as the sum of scalar multiplies of a pair of normal perpendicular vectors the distance from the lines determined by either of these vectors is apparent. The distance of X from LINE(U) is |X(U(| and its distance from LINE(U() is |X(U|. Note that this is a generalization of the fact that the distance of [x y] from the x-axis is |y| and its distance from the y-axis is |x|.

Since U/||U|| has norm 1, we can generalizes to a basis formula for any vector U.

X = (X(U/||U||)U/||U||((X(U(/||U||)U(/||U|| = (X(U/U2)U((X(U(/U2)U( 

Lines: LINE(a,b,k) names the line whose points [x y] whose coordinates satisfy an equation of the form ax(by = k. Since A and X denote [a b] and [x y], this can be written as the inner product A(X = k.

LINE(a,b,k) = {[x y]: ax(by = k} = {X: A(X = k}.
LINE(U,P) names the line thru point [p q] and in the direction indicated by the vector [u v], i.e. this line is the set of points that can be obtained by adding scalar multiples of U to P. This perspective gives what are called parametric description of the line, with s as a parameter which can take scalar value.

LINE(U,P) = {X: X = P(sU]}
or
LINE([u v],[p q]) = {[x y]: [x y] = [p q](s[u v]} 

Notation: We abbreviate LINE(a,b,0) and LINE(U,[0 0]) as LINE(a,b) and LINE(U).

Slopes: Slope is one of the main concepts for thinking about lines is Lines.  LINE(m,P) denote the line thru P with slope m. LINE(m) is brief for LINE(m,[0 0]). 

( denotes the normal vector whose counterclockwise angle with the x axis is ( = [cos(sin(].

LINE(tan()) = {X: X = s(}

Multiple Names: LINE([4 5]), LINE((5,4), LINE([(4 (5]), LINE(5,(4), LINE([2 2½]), LINE((2½,2) all name the same line. A line has an unlimited number of names of both types.

Distance([5 0],LINE([4 (3]): Given a parametric name of a line thru the origin, the basis formula immediately gives the distance from a point to this line. Consider the distance from [5 0] to LINE(U), where U = [4 (3]). Since ||U|| = 5 & U( = [3 4], we have [5 0](U/||U|| = 4 & [5 0](U(/||U|| = 3. Using the basis formula gives [5 0] as a combination of the normal vectors [4 (3]/5 and [4 (3](/5.

[5 0] = 4[4 (3]/5(3[4 (3](/5

(to check this use [4 (3]( = [3 4]) 
So, Distance([5 0],LINE([​4 (3]) = 3. You can make a diagram and use right triangles to check this result.

We now examine how given one type we can find the other. Consider LINE([(4 3],[2 6]). This line has slope (¾. It goes thru the point [2 6]. From this we can show that this line has the equation 3x(4y = 30. So LINE([(4 3],[2 6]) can also be named as LINE(3,4,30) .

In general, LINE([u v],[p q]) = LINE(v,(u,vp(uq)

See Exercise3a

Now suppose we started with the name LINE(3,4,30), a line whose equation is 3x(4y = 30. Since the slope of this line is (¾, one possible vector for the direction of this line is [(4 3]. Since the intercepts for LINE(3,4,24) are [10 0] and [0 7½] we have the following parametric descriptions.: 

{[x y]: [x y] = [10 0](s[(4 3]}

and
{[x y]: [x y] = [0 7½](s[(4 3]}

So LINE(3,4,30) = LINE([(4 3], [10 0]} = LINE([(4 3],[0 7½).

Had we observed that [2 6] was on the line, we would have seen that LINE(3,4,30) = LINE([4 3],[2 6]). 

In general, LINE(a,b,k) = LINE([(b a],[p q]) for any p and q such that ap(bq = k

This can also be described using vector names. Let P be any vector such that A(P = k.

LINE(a,b,k) = {X: AX = k}= {X: X = P(sA(} = LINE(A(,P)

Using intercepts, LINE(a,b,k) = LINE(A(, [k/a 0]} = LINE(A(,[0 k/b)

Parametric Formula: Since A((k/A2)A = k}, we can give a parametric description in terms of {A,A(}.

LINE(a,b,k) =  LINE(A(,(k/A2)A) = {X: X = (k/A2)A(sA(} 

Distance([5 0],LINE(3,4)) Since LINE(3,4) = LINE([3 4]() and [3 4]( = [(4 3] and LINE(U) is the same as LINE((U), we have LINE(3,4) = LINE([4 (3]). We already found this distance to be 3. However we could use the basis formula to represent [5 0] in terms of [3 4] and [3 4]( and notice that the perpendicular distance is along the vector [3 4]. This also gives the distance as 3.

[5 0] = 3[3 4]/5( (4[3 4](/5

See Activity 1 for more applications of the basis formula to 
finding distances from a point to a line thru the origin.

LINE(3,4) ( LINE(7,5,39): Alternate descriptions can be used to find the intersection of a line two lines. Let X be the intersection of LINE(3,4) and LINE(7,5,39). We suggest that you first write these equations in the usual form and solve for [x y]. Below we describe X using the parametric description for LINE(3,4) and the inner product description for LINE(7,5,39). To find X, merely replace X in the inner product version by s[3 4]( and solve for s.

X = s[4 3]( & [7 5](X = 39

s[7 5]([(4 3] = 39,
 (13s = 39,
 s = (3,

X = [12 (9]

LINE(5,7,45) ( LINE(8,3,31): Again, we leave it to you to write equations for LINE(5,7,45) and LINE(8,3,31) in the usual form and solve for their intersection. We will find the point X that satisfies x-intercept parametric description for LINE(5,7,45) and the inner product description for LINE(6,3,31). To do so merely replace X in the inner product version by s[3 4]( and solve for s.

X = [9 0](s[(7 5] & [8 3](X = 31

[9 0](s[8 3]([(75] = 31,
 72(41s = 31,
 
s = 1,

X = [2 5]

See Activity 2 for more applications of this type

Distance(LINE(5,7,45),LINE(5,7)): The strategy used to find the distance from a point to a line thru the origin can also be used to find the distance between a line thru the origin and a line parallel to this line. Since [9 0](LINE(5,7,45), we can use the distance from [9 0] to LINE(5,7). 

[9 0] = (45/(74)[5 7]/(74( ((63/(74)[5 7](/(74
Distance(LINE(5,7,45),LINE(5,7)) = 45/(74.

Distance(LINE(5,7,(14),LINE(5,7): Since [0 (2](LINE(5,7,(14), the distance from this line to LINE(5,7) is the same as the distance from [0 (2] to LINE(5,7). 

[0 (2] = ()[5 7]/(74( ((10/(74)[5 7](/(74
Distance(LINE(5,7,45),LINE(5,7)) = |(14/(74| = 14/(74.

Distance(LINE(5,7,45),LINE(5,7,(14): These lines are on opposite side of LINE(5,7), so this distance is the sum of the distances found earlier: 45/(74(14(74 = 59/(74

Distance(LINE(3,4,12),LINE(3,4)): We can use any point on LINE(3,4,12). Convenient points include [4 0] and [0 3]. We could also use [2 1½]. All give 12/5 as the distance.
[4 0] = (12/5)[3 4]/5( ((16/5)[3 4](/5
[0 3] = (12/5)[3 4]/5( (9/5) [3 4](/5
[2 1½] = (12/5)[3 4]/5( ((7/10)[3 4](/5
Distance([5 0],LINE(3,4,12)): We have already seen that Distance([5 0]),LINE(3,4)) = 3 and that Distance(LINE(3,4,12),LINE(3,4)) = 12/5. Since both of these are in the same direction along [3,4](, The distance we want is the difference between them: 3(12/5 = 3/5.
See Activity 3 for more applications of this type

CR(r): The standard equation for a circle with radius r is x2(y2 = r2. 
Notation: CR(P,r) denotes the circle of radius r with center at P: CR(r) = {X: (X(P)2 = r2}. We abbreviate CR([0 0],r) as CR(r). Circ(r) = {X: X2 = r2} 

Perspective:  To find the intersection of a line and a circle we could represent each using ordinary equations in x and y, and then solve for x and y. Instead we focus on the use of vector equations with an unknown vector X. 

LINE(3,4) ( CR(5): X = t[3 4]( gives a parametric description of LINE(3,4). We can use this in the equation X2 = 25 for CR(5). 

s2[(4 3]2 = 25

25s2 = 25
s = ±1

X = [4 3] or X = [(4 3] 

Distance(LINE(1,1,2),CR(1)): Using right triangles and a diagram you can see that the distance of LINE(1,1,2) from the origin is (2. Distance(LINE(1,1,2),CR(1)) = (2(1. We get the same result using a basis formula below. Since [1 1](LINE(1,1,2), the distance from LINE(1,1,2) to the origin is just the distance from [1 1] to LINE(1,1).

[1 1] = (2[1 1]/(2(0[1 1](/(2

See Activity 4 for more applications of this type

Generalization:  Consider the intersection of the line and circle given by AX = k and X2 = r2. The line can be given parametrically. 

        X = (kA+sA()/A2
Square each side, using X2 = r2
        r2 = (k2+s2)/A2
       s2 = r2A2k2
Thus X = (kA±(r2A2k2)A()/A2
Other Centers: Consider the intersection of the line [1 2]X = 0 and the circle (X[3 1])2 = 25. We can replace the parametric description of the line, X = s[2 1] in the equation of the circle. 

(s[2 1][3 1])2 = 25 
5s210s10 = 25 
s =3 or s = (1 

X = [6 3] or X = [2 1] 

To go from (s[2 1][3 1])2 = 25 to 5s210s(10 = 25, use (A(B)2 = A2(2A(B+B2. 

LINE(1,(1) ( CR([1 (1],2): X = s[1 1] gives a parametric description of LINE(1,(1). We can use this in the equation (X([1,(1])2 = 4 for CR([1 (1],2). 

(s[1 1]([1 (1])2 = 4

2s2(2= 4

s = ±1

X = [1 1] or X = [(1 (1] 

LINE(1,(1) ( CR([1 (1],1): If we use the strategy above then we obtain an equation for s which has no real roots. Thus, the intersection is empty, as can be seen from a diagram. To find the distance of LINE(1,(1) from this circle, merely find the distance from its center to LINE(1,(1) and subtract 1. Using the basis formula below we obtain (2(1.

[1 (1] = 0[1 1]/(2((2[1 (1](/(2

LINE(2,3,22) ( CR([1 1],5): We want a point X such that [2 3]X = 22 & (X[1 1])2 = 25. 

Since {[2 3], [2 3](} is a basis the point X([1 1] can be represented in the form t[2 3](s[2 3](. 

By the basis formula t = (X[1 1])([2 3]/13 = ([2 3](X(5) = (22 (5)/13 = 17/13.

Thus X[1 1] = 17/13[2 3]+s[3 2]. Squaring we have 25 = 172/13+13s2, s2 = 36/169, s = ±6/13 

     X = [2 3/13 5 11/13] or X = [5 4])/13 

Activities (?? need more)

Ac1a Find the distance of [7 8] from LINE(U), where U = [5 (12].

Ac2a Find the intersection of LINE(6,(5) and LINE(8,3,11).

Ac3a

Ac4a Solve X2 = 50 and [l 1]X = 0 for X and give a geometric interpretation. 

Ac4b Solve [2 3]X = 18 and X2 = 25 for X. Hint, LINE(a,b,k) = {X: X = (k/A2)A(sA(} use a basis formula X = 18/13[2 3]+s[3 2]. 

Responses for Activities
Re1 Since ||U|| = 13 & U( = [12 5], we have [7 8] = ((61/13)U/||U||+(124/13)U(/||U||. So the distance is 9 7/13.

Re2 Using X = s[6 (5]( & [8 3](X = 29. we have s[5 6]([8 3] = 11,
58s = 29, s = ½, X = [2½ 3].

Re4a X = s[1 1], so s[1 1]2 = 50, s2 = 25,  s = (5. Thus X = ([5 5]. CR(52)(LINE([1 1]) ={[5 5], [5 5]}. 

Re4b X2 = 25 & X = 18/13[2 3]+s[3 2], gives 324/13+13s2 = 25, and hence s = ±1/13. Thus X =  [33/13 56/13] or X = [3 4].  

Exercises: 

Ex1a Describe the relationship between [3 4](( and [3 4]? What is [3 4]((((? Generalize.

Ex1b If B = A( then what is the relationship between A and B(?

Ex2 Using U = [u v] and X = [x y] show ||U|| = 1 ( (XU)U((XU()U( = X.

Ex3 Show that LINE([u v],[p q]) = LINE(v,(u,vp(uq)

Ex4a Describe LINE(3/2) parametrically, using the point with positive integer coordinates that are nearest to the origin. Also, give the normal parametric description for LINE(3/2). Same for LINE(1). 

Ex4b LINE([(7 24]) = LINE(m) for what value of m?  Describe this line parametrically, using the point with positive integer coordinates that are nearest to the origin. Give its normal parametric description. Also, give the vector version of a standard equation for this line.

Ex4c Give the parametric description indicated above for LINE(.75, [7 l]). If XLINE([7 l],.75) show that [.6 .8]X = 5. 

Ex5 The comments relating inner products to lengths and perpendicularity are special cases of a more general geometric interpretation. Let k be the distance between points X and U, and let j be the angle between the vectors X and U. Using the law of cosines, which is discussed in any trigonometry book, we have the relationship: k2  =  ||X||2 (||U||2 2(||X||(||U||)cos(j). Use this to show cos(j) = (X(U)/(||X||(||U||).

Ex6 The description of CR(r) can also be given parametrically in angular form. 

CR(r) = {X: X = r((}

Show that the above descriptions is equivalent to {X: X2 = r2}. 

Ex7 Solve (X[1 2])2 = 25 and [l 1]X = 0 for X and give a geometric interpretation. 

Answers to Exercises
An1a [3 4](( = ([3 4]? What is [3 4](((( = [3 4]? In general, U(( = (U and U(((( = U.
An1b B = A( ( A = (B(
An2 Suppose ||U|| = 1, i.e. u2(v2 = 1. 

(XU)U = ([x y]([u v])[u v] = (xu(yv)[u v] = [xu2(yuv xuv(yv2] 

(XU()U( = ([x y]([(v u])[(v u] = ((xv(yu)[(v u] = [xv2(yuv  (xuv(y2] 


(XU)U((XU()U( = [x(u2(v2)  y(v2(u2)] = [x y] = X
An3 Unless u = 0, LINE([u v],[p q]) has slope v/u and goes thru [p q]. For any other point [x y] on this line, (y(q)/(x(p) = v/u or equivalently vx(uy = vp(uq. This also works if u = 0

An4a For LINE(3/2): {X;X = s[2 3]}, {X;X = s[2 3] /13}, For LINE(3/2): {X: X = s[1 1]}, {x: x = s[1 1]/2} 

An4b m = (24/7. {X: X = s[(7 24]} = {X:X = s[(.28 .96]}. Vector Equation [24 7](X = 0
An4c {X:X = s[.8  (.6]+[7 l]}. 
Suppose Xline(.75, [7 l]). Thus X = s[.8 .6]+[7 1], and hence [.6 .8]X = [.6 .8](s[.8 .6]+[7 1] or [.6 .8]X = 5. 

An5 By the law of cosines, 2(||X||(||U||)cos(j) =  ||X||2 (||U||2  k2 = x2+y2 ( u2+v2 ( ((xu)2+(yv)2).
This gives 2(||X||(||U||)cos(j) = 2(xu+yv) = 2X(U.

An6 Assume X = r[cos(sin(. X2 = r2[cos(sin(([cos(sin(= r2, since cos2(+sin2( = 1. Conversely assume X2 = r2. Chose  so tan  = y/x. Since (x/r)2 +(y/r)2 = 1, we have x = r cos( and y = r sin(). Thus X = r(
An7 X = s[1 1], so (s[1 1][1 2])2 = 25, 2s2+6s20 = 0, s = 5 or s = 2, so X = [5 5] or X = [2 2]. 
CR(5, [1 2]) (LINE(1,(1) = {[5 5], [2 2]}. 

SECTION 2 LineAr Transformations  

Perspective: M be denotes a 2x2 matrix [a b, c d] with M ( 0. Any such matrix determines a function f in the following fashion.

f(X) = XM
If X and f(X) represent points in the plane, then f is a function that performs a transformation of the plane. Such functions are called linear transformations. As an example, let F = [1 0, 0 1] and f(X) = XF. Each point is mapped to the corresponding point on the opposite side of the y-axis. For any linear transformation f[0 0] = [0 0], so a linear transformation always has the origin as a fixed point.

f(X) =

x  y



(1  0

=

(x  y









0  1







[1 0] and [0 1] are called the x and y basis vectors. The square whose corners are [0 0], [1 0], [0 1], [1 1] is called the basis-square. A good way to get a geometric feel for what a transformation does is to see what it does to the basis-square. The calculations for the function f above show that corners of the basis square are mapped to the corners of the unit square which is on the opposite side of the y-axis.

f[0 0] = [0 0]

f[1 0] = [1 0]

f[0 1] = [0 1]

f[1 1] = [1 1]

The above transformation is called a flip about the y-axis. For any linear transformation f[0 0] = [0 0], so a linear transformation always has the origin as a fixed point. The flip on the y-axis has the y-axis as its set of fixed points. This section begins by introducing several other types of linear transformations. It then focuses on the following problems.

(Pr1) What kinds of geometric effects can be obtained using linear transformations?

(Pr2) Given a possible geometric effect, determine a matrix for the transformation. 

(Pr3) Find ways to decompose any transformation into ones that are simple to imagine. 

Comment on Terminology: One reason for calling a function f which is defined by f(X) = XM is that such a function maps lines to lines. Below we show this for any line thru the origin. 

X(LINE(U)  (  X = sU for some s  (  f(X) = sUM.for some s  (  f(X)(LINE(UM)

Composition: If f is a linear transformation with matrix K and g is a linear transformation with matrix M then fog is a linear transformation with matrix KM, as indicated below: 

(fog)X = g(f(X)) = g(XK) = (XK)M = X(KM)

For the flip f above, we have f2 is the identity function and its matrix M2 = I.

    f2([x y] = f(f([x y]) = f([(x y] = [x y]

1   0

0  (1



1   0

0  (1

=

1  0

0  1


Other Flips: Let f[x y] = [x y]. This is a flip about the x-axis. Its matrix is [1 0, 0 (1].

f(X) =

x  y



1  0

=

x  (y









0  (1







A flip is a transformation that maps each point to the corresponding point on the opposite side of some line. [0 1, 1 0] is the matrix of such a flip. Ac1a asks you to determine its exact effect.
See Activity 1 for more examples of flips

A Rotation: Let f[x y] = [y x]. Below we indicate what this transformation does to the corners of the basis-square. Convince yourself that f rotates the plane 90 degrees. [0 0] is its only fixed point

f[0 0] = [0 0]

f[1 0] = [0 1]

f[0 1] = [(1 0]

f[1 1] = [1 1]

Since f(X) = XM where M = [0 1, 1 0], this rotation is
a linear transformation with matrix [0 1, 1 0]. 



x  y



0   1

=

(y  x








(1  0






Other Rotations: We leave it to you to see compute M2 and M3 and verify that these matrices are also rotations. Also, consider the matrix [(2/2 (2/2, ((2/2 (2/2]. 

See Activity 2 for more examples of rotations

Axis Scalings: Let h[x y] = [x 2y], so h maps each point X to a point h(X) that is twice as far from the x-axis as X. Its fixed points are the x-axis. We say f is a scaling of 2 from the x-axis. This transformation maps the basis-square to a rectangle whose area is 2. Its matrix is [1 0, 0 2]. Likewise the function g such that g([x y]) = [2x y] is a scaling of 2 from the y axis. Its matrix is [2 0, 0 1]. The scaling with matrix
[2 0, 0 3] is also an axis scaling. It scales by a factor of 3 from the x-axis and 3 from the y-axis.

A Uniform Scaling: Suppose f be the transformation with matrix M = [2 0, 0 2]. Since f(X) = XM, we have f[x y] = [2x 2y]. So f maps each point X to a point f(X) that has the same direction from the origin as X but is twice as far from the origin as X. We say f is a uniform scaling of 2. This scaling is the composite the scaling of g and h above, and its matrix is the product of their matrices.  A uniform scaling of 2 maps the basis-square to a square whose area is 4. The origin is its only fixed point

f(X) = X[2 0, 0 2] =  X[1 0, 0 2][2 0, 0 1] = g(h(X))

See Activity 3 for more examples of scalings

Horizontal Shears: Suppose we take M = [1 0, 1 1]. Then f[x y] = [x(y y]. f maps each point X to a point f(X) that has the same distance from the x-axis as X but is shifted by the second coordinate of X. Points on the x-axis are fixed, points above shift to the right and points below shift to the left.. The basis-square is mapped to a parallelogram whose corners are indicated below. The area of this parallelogram is the same as the area of the basis-square. This transformation is called a horizontal shear of 1. 

f[0 0] = [0 0]

f[1 0] = [1 0]

f[0 1] = [1 1]

f[1 1] = [2 1]

The function determined by [1 0, s 1] is called a horizontal shear of s.

 See Activity 4 for more about shears

Parallelograms: Recall that M denotes the matrix [a b, c d]. PARA(M) denotes the parallelogram with vertices [0 0], [a b], [c d], [a b]([c d]. A square is a type of parallelogram. The basis-square is PARA(I). We can describe one effect of the shear [1 0, 11] by saying that it maps PARA(I) to PARA([1 0,1 1]).
In general, the transformation f defined by f(X) = XM maps PARA(I) to PARA(M).

Basic geometry shows that if a, b, c, d are non-negative and M > 0 then the area of PARA(M) is M. This can be extended to show that M ( 0 ( AREA(PARA(M)) = |M|. Thus f(X) = XM implies that the transformation f maps the basis-square to a parallelogram whose area is the absolute value of the determinant of M. In general, it can be shown that any parallelogram R is mapped by f to some parallelogram S whose area is the product of the area of R and the absolute value of the determinant of M.

Problem 1: We classified several types of transformations and noted some geometric effects. In particular, lines get mapped to lines, and parallelograms get mapped to parallelograms. The classification we have used also indicates effects such as flips about a line, rotations around the origin, uniform scalings, scalings from an axis, horizontal shears. These effects can be combined as indicated on the next page. Later we examine whether any other type of geometric effects can be obtained using linear transformations. 

A Scaled Flip: Suppose we take M = [1 0, 1 2]. 
Then f[x y] = [2x (2y].
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This will have the same effect as a flip about the x-axis followed by the scaling of 2.
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A Rotated Shear: Suppose we take M = [(1 0, (1 (1]. 
Then f[x y] = [((x(y)  (y].
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This will have the same effect a horizontal shear of 1followed by a 180-degree rotation.
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Problem 2: So far, we have some of the types of geometric effects that can be produced by linear transformations. We did not shown how given some effects of a transformation f, we can find a matrix to represent f. We now focus on that problem. The key ideas can be illustrated as follows. Suppose we want a linear transformation f that maps PARA([1 0, 2 1])  to PARA([1 0, 4 1]. Let M be the matrix for f, i.e. [1 0]M = [1 0] and [1 1]M = [4 1]. 

These 2 row equations for the matrix M are equivalent to the single matrix equation. 
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Using the inverse of [1 0, 2 1], i.e. /[1 0, 2 1] = [1 0, (2 1] we can solve this equation for M. 
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Thus knowing what f does to these two points determines the matrix for f, and hence the total effect of f.

f[x y] = [x(2y y]

General Strategy: If f(X) = XM & f[p q] = [k j] & f[r s] = [m n], we have the matrix equation. 

NM = K, where N = [p q, r s] and K = [k j, m n]

Suppose [p q] and [r s] determine different lines. Then N is not zero, so /N will exit and we can solve this equation to find the matrix M, thus finding the representation for f. 

M = /NK
See Activity 5 for applications of the strategy to instances of Pr2

Problem 3: We now turn to one solution to Pr3. By a primary transformation, we mean either a rotation or an axis scaling or a horizontal shear or a flip. We will show that any linear transformation can be obtained by some composition of primary ones. We do this by examining how to factor any matrix in to a product whose factors represent such transformations. The identity transformation is a trivial case of several types of these transformations. It is a rotation of 360, a scaling of 1, a shear of 0. Application of the general factoring algorithm to some specific cases may give the matrix I as a factor. 

Preliminary Factorization: Any matrix M can be represented in the form M = RL, where L is a lower triangular matrix, i.e. a matrix with a 0 in its upper right corner. The key is to note the /R will also be a rotation and choose /R so /RM will be a lower triangular matrix. 

To illustrate this strategy let M = [2 3, l 4]. 
/R must be of the form [c s, (s c] where s2(c2 = 1.
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Since we need the entry in row 1 column 2 of /RM to be 0, we have 3c(4s = 0. Thus one choice of [c s] is [4/5  3/5]. This determines /R as [4/5  3/5,  3/5  /5] and /RM as [1 0, 2 5]. Thus M = RL where 
R = [4/5  3/5,  (3/5  /5] and L = [1 0, 2 5]. 

We need the entry in row 1 column 2 of /RM to be 0, so [c s] must be to orthogonal to [3 4] and have norm 1. Thus we can choose [c s] = [4/5  (3/5]. This determines /R, and give the factorization M = RL. 
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Generalization: Let M = [a b, c d]. We can decompose M as M = RL as indicated below.


a  b

c  d

=

d/n   b/n

(b/n   d/n



m  0

k  n

Where n =(b2+d2), k = (ab(cd)/n, m = (adbc)/n.

note n > 0

Notation: F denote the matrix of a flip about the x axis: F = [(1 0, 0 1]
Factoring a Lower Triangular Matrix: A lower triangular with a positive entry in row 2 column 2 can be decomposed as HS or HSF, where H is the horizontal shear, S is an axis scaling. 
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Factoring M: Consider any matrix M. Then for some rotation R is a rotation and some horizontal shear H and an axis scaling matrix S.
M = RHS or M = RHSF,

The first alternative holds if M > 0, the second if M < 0.

This factorization can be broken into two stages, namely M = RL and L = HS or L = HSF.  

Example: For M = [2 3, 1 4], R = [4/5  3/5,  (3/5  /5] , H = [1 0, 2/5 1],  S = [1 0, 0 5]. 

See Activity 6 for some instances of Pr3
Activities 

Ac1a Let f(X) = X[0 1, 1 0]. Apply f to the basis-square. Give f[x y]. Find the fixed points for f. Interpret f as a flip.
Ac2a Let f = X[0 1, 1 0]. Give f[x y] and interpret f. Apply f to the basis-square. 

Ac2b Let f = X[1 0, 0 1]. Give f[x y] and interpret f. Apply f to the basis-square. 

Ac2c Describe the fixed points of any rotation. 

Ac3a Let f(X) = X[3 0, 0 3]. Give f[x y] and interpret f. Apply f to the basis-square. 

Ac3b Let f(X) = X[1 0, 0 5]. Give f[x y] and interpret f. Apply f to the basis-square. 

Ac3c A uniform scaling of size s maps any point [x y] to the point [sx sy]. This scaling is represented by the matrix [s 0, 0 s]. We call this matrix the diagonal matrix s. Describe the fixed points of some scalings. 

A scaling of s from a line maps each point to a point whose distance is s times as far from the line. For example, a scaling of 2 from the [x y] the x-axis maps each point [x y] to the point [x 2y]. The matrix for this scaling is [1 0, 0 2].

Ac3d Let f(X) = X[½ 0, 0 ½]. Apply f to the basis-square. Give f[x y] and interpret f. 

Ac4a Let f(X) = XM, where M = [1 0, 1 1]. Give f[x y] and interpret f. Apply f to the basis-square. 

Ac4b Let f(X) = XM, where M = [1 0, 1 1]. Give f[x y] and interpret f. Apply f to the basis-square. 

Ac5a Let f be the flip in LINE([2 1]). Since [2 1]( is a fixed point of f we have f[2 1] = [2 1]. To apply the strategy we need to know the image of some other point which is not on LINE([2 1]). LINE([2 1]() is perpendicular to LINE([2 1]) at the origin. The points [1 (2] and [1 2] are on this line and are the same distance from LINE([2 1]). Thus f[1 2] = [1 2]. This gives [2 1, 1 2]M = [2 1, (1 2]. Find M.

Ac5b Find the matrix of a flip f about LINE([1 2]) 

Ac5c A scaling of 2 from LINE([2 1]) maps [2 1] to itself.  It also maps [2 1]( to 2[2 1](. Apply the strategy to find the matrix for a scaling of 2 from the LINE([2 1]). 

Ac5d Find the matrix of a scaling of 5 from the line thru [1 1]. 

Ac5e A shear of 1 along the ray thru [2 1] has [2 1] as a fixed point and maps [1 2] to [1 2]+[2 1], that is to [1 3]. Apply the strategy to find the matrix of this shear of 1. 

Ac5f Find the matrix of a shear of 2 along the ray thru [1 1]. 

Ac5g Find the matrix of a rotation f in that maps [1 0] to [.8 .6]. 

Ac5h Find the matrix of a rotation f that maps [1 0] to [cos45 sin45]. 

Ac6b For L = [1 0, 2 5] decompose L into HS. 

Ac6c For L = [1 0, 2 10] decompose L into HS. 

Ac6d For each of the following matrices, decompose it into RL, give the angle of rotation, and decompose L into HS. 

[44 5, 38 12]
[124 96, 68 28]
[2 1, 0 1] 

Responses to Activities

Re1a f[1 0] = [0 1], f[1 0] = [1 0], f [1 1] = [1 1]. f[x y] = [x y].f is a flip in the line about LINE[1 1], thus having LINE[1 1] as its fixed points.  

Re2a f[1 0] = [0 1], f[0 1] = [1 0], f[x y] = [y x]. f is a rotation of 270 degrees about the origin. 

Re2b f[1 0] = [1 0], f[0 1] = [0 1], f[x y] = [x y]. f is a rotation of 180 degrees about the origin. 

Re2c The only fixed point of a rotation f is the origin, unless f is the rotation is of 0 degrees in which case all point are fixed points of f. 

Re3a f[1 0] = [3 0], f[0 1] = [0 3], f[x y] = [3x 3y].
 f is a uniform scaling of 3.   

Re3b f[1 0] = [1 0], f[0 1] = [0 5], f[x y] = [x 5y].
f is a scaling of 5 from the xaxis.   

Re3c The only fixed point of a uniform scaling f is the origin, unless f is the scaling of 1 in which case all point are fixed points of f. The fixed points of any scaling of s from in L are the points on L. 

Re3d f[1 0] = [.5 0], f[0 1] = [0 .5], f[x y] = [x/2 y/2]. f shrinks the plane by a factor of 1/2, so f is a uniform scaling of 1/2. 

Re4a f[1 0] = [1 0], f[0 1] = [1 1], f[x y] = [x+y y]. f is a shear of 1 along the xaxis. 

Re4b f[1 0] = [1 0], f[0 1] = [1 1], f[x y] = [xy y]. f is a shear of 1 along the xaxis. 

Re5d A = [3 2, 2 3] 

Re5c Let B = [2 1, 1 2] and K = [1 2, 2 4] and BA = K. Solving, gives A = [1.2 .4, .4 l.8] 

Re5a M = /[2 1,1 (2][2 1, (1 2]] = [.6 .8 .8  .6] 

Re5b NM = K for N = [1 2, 2 1] and K = [1 2, 2 1]. This can be solved giving M = [.6 .8 .8 .6] 

Re5e Let N = [2 1, 1 2] and K = [1 2, 1 3] and NM = K. Solving, gives M = [.6  .2 .8 l.4] 

Re5f M = [0 1, 1 2]. 

Re5g A = [.8 .6, .6 .8] 

Re5h A = [cos45 sin45, sin45 cos45] Ac6a Decompose M = [1 8, 2 6] as M = RL. 

Re6a R = [.6 .8, .8 .6] and L = [1 0, 2 10]. 

Exercises and Problems 

Ex1 Find the matrix of each of the following transformations

(a) a flip in the line thru [2 3].
 
(b) a flip in the line thru [3 4]. 

(c) a scaling of 3 from the line thru [2 3]
(d) a scaling of 2 from the line thru [1 1]. 

(e) a shear of 1 along the ray thru [2 3]. 
(f) a shear of 1 along the ray thru [2 3]. 

Ex2 Find the matrix of a rotation f that maps [1 0] to [3/2 1/2]. What is the angle?  

Ex3 Find the matrix M of a rotation f that maps [0 1] to [3/2 1/2]. What is the angle?  

Ex4 Let M = [0 1, 1 0]. What does f do to the basis-square? Give f[x y] and interpret f. 

Ex5 Let M = [.6 .8, .8 .6] and f(X) = XM. Find f[1 2], f[2 1], f[2 1]. f is a flip in what line?  

Ex6 Let M = [.6  .8, .8 .6] and f(X) = XM. Find the image of the basis-square. Is f a flip or a rotation?  

Ex7 Let M = [1.5  .5,  .5  1.5] and f(X) = XM. Find the fixed points of f. Find f[1 1] and f[1 1]. Interpret f. 

Ex8 Let f[x y] = [x y(x]. What is M? Give the image of the basis-square. Give the fixed points of f. Interpret f. 

Pr1 With f determined by f(X) = XM, prove some of the following general results. 

f is a rotation thru a counterclockwise angle of a iff M = [cos() sin(), sin() cos()] 

f is a scaling of s from LINE([p q]) iff M = [p2+sq2, (1s)pg, (1s)pq q2+sp2]/(p2+q2). 

f is a flip about LINE[p q] iff M = [p2q2, 2pg, 2pq q2p2](p2+q2). 

f is a shear of s along the ray thru [p q] iff M = [p2+q2spg  sq2, sp2, p2+q2+spq]/(p2+q2). 

Pr2 Let r be any real number and f(X) = XM. Show the following. 

f[p q] = [p q] and f[q p] = [rq rp] iff M = [p2+rq2, (1r)pg, (1r)pq q2+rp2]/(p2+q2).

Using r = 1 gives which result from Pr1? Using p = cos(), q = sin() obtain result below

f is a flip about LINE(() iff M = [cos(2) sin(2), sin(2) cos(2)] 

Pr3 Show that any matrix M can be decomposed as M = HSR or as FHSR. 

SECTION 3 Affine Transformations and Ellipses

TO BE DONE IF ANYONE WILL WORK WITH ME ON THIS SECTION
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