FUNCTION UNIT: EXPONenTIAL FUNCTIONS

edition 8/2001
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 email: richard-acs@worldnet.att.net
Prerequisites:  Ordinary algebra including the mastery of simple functional notation.  The concepts of a difference function and how this relates to recursive descriptions of a function.   In particular you should know that a recursive description for a function with domain is Z uniquely determines the function.  If you are not comfortable with these concepts see the background concepts in Appendix D.

Perspective  Learning general ideas usually involve encountering them in many specific situations.  This unit was designed to provide an experiences which provide a perspective on the ideas below. 

The function concept is of fundamental importance in mathematics, providing unity for what might otherwise be considered as a collection of diverse topics. 

A table of values cannot determine a function on the integers, but a recursive pattern can. Recursive patterns for a function may be guessed from a table of values, but only insight about the situation which yields the table can give a pattern with certainty. 

A recursion does not have to yield an immediate explicit formula to be useful.  If the function’s domain contains only integers, then a recursive description completely determines the function. 

An explicit formula for a function is often more useful than a recursive description, but a recursive description can sometime be used as a take off point in discovering an explicit formula. 

Activities & Exercise & Problems   The text contains a number of suggested activities, labeled ‘Ac’.  One or more possible correct responses is given in a small font at the bottom of the page to help you avoid accidentally looking there too soon.  Try each activity before you look ahead my responses.  Exercises at the end of each section give additional practice with the ideas in the text.  Problems at the end of the section are included as extra challenges.  Work on them only if you find them interesting.

Unit Status  Altho most of the material in this unit has been used with a number of students, the unit as currently organized has not yet been so used.  I would appreciate any feedback, especially information about errors or anything that seems confusing.  I also welcome suggestions for more activities exercises and problems. 

SECTION 1:  Pure Exponential GROWTH SITUATIONS

Perspective  Rabbits multiply.  This is not a comment on their ability to do arithmetic, but an observation that rabbits produce more rabbits.  Without external checks on their increase, the number of rabbits at time x+1 is some multiple of the number of rabbits at time x.  Starting with a population of 18 rabbits, suppose they increase by a factor of 10 each year.  In 1 year there will be 180, in 2 years 1800, in 3 years 18000, etc.  Letting f(x) represent the population expected from uninhibited growth in x years, the conditions giving rise to this function can be described recursively. Using the recursive description, we can easily calculate the values above, and since we are repeatedly multiplying by 10 we see that each answer is 18 times a power of 10. 

Recursive Description:  f(0) = 18,  f(x(1) = 10f(x)

Explicit Description:  f(x) = 1810x
In general, biological growth tends to have an exponential component because the population at the end of a time period tends to be some multiple of the population at the beginning of the period.  Certain other types of growth tend to be exponential for similar reasons.  This component of the growth may be overshadowed by various factors, so the imaginary situations in this unit do not mesh exactly with actual situations.  However there are actual situation which for a time are adequately approximated by these imaginary ones.  More sophisticated analysis of population growth augments exponential components with other components. 

Situation 1: Simple Cell Division  We begin with 1 gram of immature cells.  After 1 hour these cell divide, yielding 2 grams of cells.  After another hour these divide, so after 2 hours there are 4 grams.  Likewise there are 8 grams after 3 hours.  

A Related Function  Let f(x) be the mass of cells after exactly x hours.  At time x(1 there will be twice as many cells as at time x. Thus the function f can be described recursively  :  f(0) = 1 & f(x(1) = 2f(x). Recursions can also be stated using the difference function.  It is convenient to have a compact notation for this difference functions, so for any function f we define its difference function f as follows:  

f(x) = f(x1)f(x)

or as

f(x(1) = f(x)(f(x)
Since f(x(1) = 2f(x) is equivalent to f(x(1)(f(x) = f(x), we can state the recursive condition for this particular function as f(x) = f(x).  For this particular function the standard form of the recursive condition makes calculation of a partial table for x straight forward.  Just start at 1 and keep doubling. 
We could also use the difference form to calculate entries. Each time we enter a value for f, enter the same value for f.  Then add to get the next entry.
x
0
1
2
3
4
5
6


f(x)
1
2
4
8
16
32
64


f(x)
1
2
4
8
16
32


While the standard form of the recursion is easy to use for this function, the difference form of the recursion can be useful for others.

Ac1a  Give an explicit formula for f, and explain why situation 1 will never occur on earth for a continuous period of 1 week.  The mass m of the earth is less than 1026 grams. 

Ac1b  Suppose at time 0 there had been 16 cells.  Let g(x) be the mass of cells after exactly x hours.  Give a partial table and a recursion description and an explicit formula for g.

Re1a  Explicit formula: f(x) = 2x.   4 days is 96 hrs, and 296 is too large for earth, since 296  > 1032 > m. 

Re1b   Recursive Description : g(0) = 16 & g(x(1) = 2g(x). 

            Explicit formula:  g(x)  = 16(2x or g(x) = 2x(4. 
x
0
1
2
3
4
5
6


g(x)
16
32
64
128
256
512
1024


g(x)
16
32
64
128
256
512


Applicability  The recursion given for the function used for Situation 1 determines a function whose  domain includes negative integers as well as all natural numbers.   For example using (1 for x in the recursive condition f(x(1) = 2f(x) gives f(0) = 2f((1), and hence f((1) = ½.   Clearly this does not  apply to Situation 1, and Ac1a clearly indicates that this function is not applicable for all natural numbers.  

For anyone who is interested, the rest of this page focuses on considerations involving applicability.  This discussion is optional.

Interpretation for Negative Inputs   The explicit formula for the function g from Ac1b was g(x) = 2x(4.  This gives g((1) = 8, g((2) = 4, etc.  The recursion for g also gives the same result.  To see this write the recursive condition as g(x) = ½g(x(1).  

g((1) = ½g(0) = 8
g((2) = ½g((1) = 4,  etc.

A simple interpretation for g((1) = 8 is that an hour before observation began there were 8 cells, and this clearly could have been the case.  However the formula gives g((5) = ½, g((6) = ¼, etc.  and such results  do not apply to cell growth.  In general, using Z as the domain for growth functions is an idealization.  Some negative inputs will give value that are smaller than 1 and at some positive input will give numbers to large to apply to any actual growth situation.

Other Inputs  We have assumed that all cells in the population grow at the same rate and divide at the same time.  Such a situation is called a synchronized growth situation.  If we let x be .5 in the formula for f we obtain 2 for the mass, altho we know that at time .5 the mass is still 1.  This is because the situation was modeled by a function whose domain was the natural numbers.  The function f gives no information when x = .5, since .5 is not in the domain of f.  This is not a restriction on our knowledge, but on how this knowledge can be represented using f.  If we want time to be measured by real numbers, then we need a function which is an extension of f, but whose domain is the set of nonnegative real numbers.  We also call this extension h.  Altho not relevant to this unit, such h can be determined by the recursion below. Using function INT, where INT(x) is the greatest integer which is less than or equal to x,  h can also be described explicitly.  

Recursion: h(x) = 1  if  0x < 1  &  h(x+1) = 2h(x)  if  x ( 1 
Explicit: h(x) =  2INT(x)
A population started from a single cell grown under optimal conditions will approximate a synchronized growth situation, but due to random variations in the growth of daughter cells it will drift away from this to what is called an unsynchronized growth situation.  In such an unsynchronized growth involving a large number of cells with average growth cycle of 1 hour, the population growth function can still be reasonably taken as g(x) = m2x, where the domain of g is the reals and m is the mass of the initial population.  Thus with 1 gram of cells at time 0 in various stages of development the formula g(x) = 2x, gives an appropriate extension of f that closely approximates of the mass of cells even when x is not a natural number.  Clearly g is applicable only to the extent that optional growth conditions persist.  

The reproduction cycle of a cell need not be l hour.  Assume that it is 2 hours.  For unsynchronized growth, involving a large initial mass of m, the population size at time x where x is measured in growth cycles is of course m2x.  To describe the population as a function h whose domains is the time elapsed in hours, let t = 2x, we have f(t) = m2(t/2).  In 1 hour this gives a mass of m(2.
To generalize, assume that the reproduction cycle is c hours, where c is some positive real number.  For unsynchronized growth, involving a large initial mass of m, the population size at time x where x is measured in growth cycles we have m2x.  Thus the population f(t), where t is the time elapsed in hours. can be given by f(t) = m2(t/c).

Situation 2:  Simple Budding  A method of reproduction used by some single celled organisms under favorable growing conditions is budding.  Budding differs from cell division in several ways.  Instead of the cell dividing into two equal smaller parts, part of the cell acts as a parent and a one or more small bud grows from the wall of the cell.  Buds may break off and become separate from their parent cells or they may continue, forming buds of their own to make a chain.  Growth by budding can be very rapid.  Under certain conditions a yeast bud can grow to maturity and begin its own budding within 20 minutes.  To make the numbers easier to work with, I begin with the imaginary situation that starts with a single cell.  During the first hour it produces 2 buds.  By the end of the hour it is ready to bud again, as are the buds which it has produced.  In general, g(x(1) = 3g(x).

Ac2  Write a partial table and an explicit formula for g.  When will there first be more than a billion cells? 

Generalization  Instead of counting cells let us just consider their mass, letting m be the mass of the initial population.  The idealized function for this growth factor of k can be described as follows.

Recursion Description: g(0) = m & g(x(1) = kg(x)

Explicit Formula: g(x) = mkx
Differences for Exponential Functions  Since g(x) = g(x(1)(g(x), the recursive condition above can be given as g(x) = (k(1)g(x).  This can also be derived from the explicit formula.

g(x) = g(x(1)(g(x) = mkx(1( mkx = kmkx ( mkx = (k(1)mkx = (k(1)g(x)

Note that for k = 1, we have g = g; as noted in the table for Situation 1.  Also for k = 3, we have g = 2g. as you can observe by looking at the table for Ac2.
Summing g  For any function g, note that:

g(0) = g(1)(g(0)
g(0)(g(1) = g(1)(g(0)(g(2)(g(1) = g(2)(g(0)

g(0)(g(1)(g(2) = g(1)(g(0)(g(2)(g(1)(g(3)(g(2) = g(3)(g(0)

...

g(0)(g(1)(...+g(x(1) = g(1)(g(0)(g(2)(g(1)(...+g(x)(g(x(1) = g(x)(g(0)

Thus we can calculate g(x) by summing the initial entry with entries for g. 

Summation Formula:  g(x) = g(0)(g(0)(g(1)(...+g(x(1).

Geometric Sequences  For the function g from Situation 2, g(x) = 2(3x and the summation formula gives:  3x = 1(2(2(3(2(32(...+2(3x(1.  The sequence 2, 2(3, 2(32, 2(33, …  is called a geometric sequence. The summation formula is equivalent to the standard formula for summing the first x terms of this sequence.  


2(2(3(2(32(...+2(3x(1 = 3x(1

In general the sequence m, mb, mb2, mb3, …  is called a geometric sequence with base b.  Sm,b denote the sum of the first x terms of this sequence i.e. Sm.b = m(mb(mb2(…(mbx(1.   A standard way to find an explicit formula for g is to observe that (b(1) Sm.b = m(bx(1), and hence Sm.b = m(bx(1)/(b(1).   This also gives the formula above for the case in which m = 2 & b = 3. 

Re2   Recursive Description : g(0) = 1 & g(x(1) = 3g(x). 

            Explicit formula:  g(x) = 3x. 
x
0
1
2
3
4
5
6


g(x)
1
3
9
27
81
243
729


g(x)
2
6
18
54
162
486


Since 318 < 109 < 319, there will first be a billion cells when x = 19.
Situation 3: Canarsi Indian Conspiracy  People may laugh about the fact that in 1626 the Dutch bought Manhattan Island from the Canarsi Indians for $24.  Look at what it is worth now, they say, feeling sorry for the poor Indians.  Well, the Dutch lost the Island to the British, along with all their land in the new world.  The British lost it in the revolutionary war.  It took considerable investment capital to develop New York City.  To currently own New York City outright would be a terrible responsibility.  Furthermore the Canarsi Indians who sold the island to the Dutch didn’t own it.  They were just passing thru on their way back to Long Island.  It seems these 24 Canarsi got a pretty good deal, especially if you look at the following activities.  

Ac3a  Of the 24 Indians, 20 of them spent the money but 4 made investments for their descendants.  One of them invested his $1 for t years at a 1% yearly rate of interest that is at a rate of .01.  Let f(x) be the value after x years.  Give a recursion and an explicit formula for f.  Find the approximate amount his descendants will have in the year 2026.  

Ac3b  Same as activity 2a, except she invested $1 at a 2% rate.

Ac3c  Same as activity 2a, except he invested $1 at a 4% rate.

Ac3d  Same as activity 2a, except she invested $1 at a 8% rate.

Ac3e  Someone invests an amount p for x time periods at a rate r for each time period.  Let f(x) be the value after x such time periods.  Give a recursive description and an explicit formula for f.  

Situation 4 Half Growth Cycles  Imagine budding cells like those in Situation 2 except that their growth cycle of 2 hours and they produce 3 buds instead of 2.  Start with 1 new cells and 1 half mature cells.   After an hour the one that was new one will be half mature and the one that was half mature cell will mature, giving 4 new cells.  At the end another hour we will have 4 cells half mature cells and 4 new cell.  After the third hour there will be 4 half mature and 16 new.  Let x represent the number of hours from time 0, h(x) the number of half mature cells, g(x) the number of new cells, and f(x) denote the total number of cells at time x.  Clearly h(0) = 1, g(0) = 1, h(x(1) = g(x), g(x+1) = 4h(x),  f(x) = h(x)+g(x).  It follows that h(x+2) = 4g(x(1) = 4h(x).  Similar analysis shows that g(x(2) = 4g(x).  Independent  recursive description of h and g must specify 2 initial values.

h(0) = 1, h(1) = 1, h(x(2) = 4h(x)

g(0) = 1, g(1) = 4, g(x+2) = 4g(x)

Ac4a  Give partial tables for g, h, f.  Give a recursion for f. 

Ac4b  If f(2n(1) = 54n(1, thus for x odd,  f(x) = 52x(1.  Give a formula for f(2n), using this to give f(x) when x is even. 

Re3a  f(0) = 1,  f(x+1) = (1.01)f(x).   f(x) = x1.01.  f(400) = (1.01)400 or about 53. 

Re3b  f(0) = 1,  f(x+1) = (1.02)f(x).  f(x) = x1.02.  f(400) = (1.02)400 or about 2755.

Re3c  f(0) = 1,  f(x+1) = (1.04)f(x).  f(x) = x1.04.  f(400) = (1.04)400 or about 6½ million.

Re3d  f(0) = 1,  f(x+1) = (1.08)f(x).  f(x) = x1.08.  f(400) = (1.08)400 or about 23 trillion.

Re3e  f(0) = p,  f(x+1) = bf(x).  f (x) = pxb, where b = 1+r

Re4a  f(0) = 2, f(1) = 5,  f(x+2) = 4f(x)


Re4b  f(2n) = 2(4n, so f(x) = x(1 when x is even
x
0
1
2
3
4
5
6


h(x)
1
1
4
4
16
16
64


g(x)
1
4
4
16
16
64
64


f(x)
2
5
8
20
32
80
128

Exercises and Problems  See Appendix A for answers to exercises.

Ex1  Re2 says that  318 < 109 < 319.  The first inequality follows easily from 32 < 10.  Without calculating show the second inequality.  Hint 2310 < 34 &  3104 < 215.

Ex2  If you folded this paper of thickness t with absolutely no space in between the fold, the thickness would be 2t.  Folding again, the thickness would then be 4t.  Let T be the thickness if it was folded 60 times?  Before analysis, make a guess about how whether s is larger or smaller than: the thickness of your dictionary, the width of the room you are in, the length of a city block, the diameter of the earth, the distance to the moon?   I have a book 4cm thick with 1000 pages.  Let T be the thickness if one of these pages was folded a 60 times.  Let S be the distance to the sun.  Compare T to S. 

Ex3  From the recursion f(0) = 1, f(x+1) = (1/2)f(x) find an explicit formula for f.  Do the same for the recursion f(0) = 2, f(x+1) = (1/2)f(x).

Ex4  Suppose in Situation 4 we started with 2 cells at the beginning of their growth cycle and 3 a half hour into their growth cycle.  Thus g(0) = 1, h(0) = 2.  The same recursions hold, g(x+1) = 4h(x), 
h(x(1) = g(x), f(x) = g(x)+h(x).  Give a partial table for g, h, f.  Give formulas f, g ,h.  
Ex5  From the recursion f(0) = 1, f(x+1) = (2f(x) write a partial table and find an explicit formula for f. Do the same for the recursion h(0) = 1, h(x+1) = (3h(x).  

Ex6  Let f(x) = ((1)x.  This function that alternates between 1and (1.  Write a recursive description for f.   Let g(0) = 2 and g(x(1) = 2(g(x).  Let h(0) = 0 and h(x(1) = 2(h(x).  Describe the tables for g and h and compare them to the tables for f.  Write an explicit formulas for g and h. 

Ex7  Let r denote the remainder mod 2 function, that is r(x) is 0 when r is even & r(x) is 1 when x is odd.   It is easy to give a recursive description for r:  r(0) = 0 & r(x(1) = 1(r(x).  This remainder mod 2 function also has the explicit description: r(x) = ½(½((1)x.    Let (x) = 2(r(x).  Describe the table for .  Write a formula for  of the form a(b((1)x.  Looking at Situation 4, check that h(x) = 2x((x).  Write an explicit formula for h in the form:  h(x) = a2x(b((2)x. Also give explicit formulas of this type for g and f.

Pr1  Suppose f is described explicitly by cases: f(x) = f0(x) when x is even & f(x) = f1(x) when x is odd.  Let r be the remainder mod 2 function and s(x) = 1r(x).  Explain why f(x) = s(x)f0(x)+r(x)f1(x). Relate this to Situation 4 

Pr2  Suppose the cycle is 1 hour long, but due to environment a cell has a ¼ chance of surviving long enough to reproduce.  At time 0 cell mass is 6 grams.  Let f(t) be the cell mass at time t.  Find and interpret f(1).  Generalize the function f using parameters m and s for the initial mass and the survival probability.  What value for p would produce a cell mass function f which was a constant function?  

Pr3  In Situation 1, let x be the number of half hour periods elapsed since the initial cells began to grow and let f(x) be the mass after x half hour time periods.  Write a recursion for f.  Find an explicit description for f.  Suppose a cell had a growth division cycle of one hour and was in an environment in which a virus could easily invade and destroy newly divided cells so only 2/3 of these cells survived the first two minutes after division.  However of those that survived the first two minutes 9/10 survived the rest of the cycle.  Find a function g which can be used to describe such a population at time t.  

Pr4  Suppose $1 is invested for 400 years, interest compounded annually, interest rate = n/100 where n is a natural number.  What is the lowest rate of interest that will give at least $1016.  Hint this problem reduces to the question of finding the smallest whole number n such that (1+n/100)25 > 10.  This problem can be solved by selecting values for n and then computing.  Without either tables or a computer this could be tedious.  What is needed is a good way to approximate the left hand side, such as the binomial theorem.  See if you can solve this problem without using a computer or any mathematical tables. 

SECTION 2: Modified Exponetial GROWTH Situations
Perspective  The growth situations in Section 1 all begin with some initial amount and then grew in each time period by some fixed multiple of the amount at the beginning of the period. The modified growth situations in this section will differ from those in two possible ways.  The simplest will be that other amounts will be inserted or removed in a systematic manner.  A more complex difference will occur in situations in which the growth multiple changes as the population expands.

Situation 5: Tower of Hanoi Puzzle  The object of the puzzle is to transfer the 4 discs from place 2 to place 1.  Only one disc may be moved at a time. A disk may be moved from any place to any other place as long as a larger disc is never placed on top of a smaller disc.


(
((
(((
((((


    place 1             place 2               place 3

Having solved the puzzle with 4 discs, it can easily solved with 5 discs.  Move as before to transfer the top 4 discs to a place 3, then move the bottom disc place 1, and finally move the 4 discs on top of the bottom disc. It should be clear that the number of moves needed to transfer 5 disks is one more than twice the number of moves required to transfer 4 disks.  g(5) = 2g(4)+1.

Let g(x) be the number of moves needed to transfer a 
tower of x disks.  Clearly g(0) = 0, g(1) = 1, g(2) = 3.
Here is a table with some more values and a row for g.  
x
0
1
2
3
4
5


g(x)
0
1
3
7
15
31


g(x)
1
2
4
8
16


Ac5a  Give a recursive description g.  What value does it give for g(6)?   Find an explicit formula g.
What is the smallest size tower which will require more than a million moves to transfer?  

Observation  One way to find an explicit formula for the function in Situation 5 is to notice that the values are 1 less than a power of 2.  However even if this was not noticed when writing the row for g, it should be apparent that the row for g consist of powers of 2 and that each entry in this row is 1 more than the corresponding entry in the row for g.  This relation between g and g can be derived from the recursive condition:  g(x(1) = 2g(x)+1, since subtracting g(x) gives  g(x) = g(x)(1. 
The summation formula also gives a relation between g and g that could be used along with the formula for summing a geometric progression to obtain an explicit formula for g.
g(x) = g(0)(g(1)(...+g(x(1) =  1(2(22(…(2x(1 = 2x(1.

In cases where the g is exponential but the relationship between g and g is less apparent this gives a another strategy for finding an explicit formula. 

Ac5b  Suppose g(0) = 1 & g(x) = 6(3x.  This can be used to obtain the following entries.  Use the summation formula to obtain an explicit formula for g.
x
0
1
2
3
4


g(x)
1
7
25
79
241


g(x)
6
18
54
162


Remark  Another way to find an explicit formula for g in Ac5b is to observe that g(x) = 2g(x)(4.  If you are familiar with powers of 3 you might also directly observe that the values of g are fairly close to being powers of 3.   

Re5a  Recursive Description: g(0) = 0  & g(x+1) = 2g(x)+1

Explicit Description: g(x) = 2x1.
Since 210 = 103+24, a tower of 20 disks takes over a million moves to transfer, but a tower with 19 takes less than a million.  

Re5b  g(x) = g(0)(g(0)(g(1)(...(g(x(1) = 1(6(1(6(3(6(32(…(6(3x(1 = 1(6(3x(1)/2 = 3x(1(2.

Situation 6 ABC Savings and Loan Situation  ABC Savings and Loan offers the ultimate in free gifts to anyone opening a special savings account.  The gift is a spin on the wheel of fortune.  The number you spin determines your yearly interest rate, and it is possible to spin an interest rate of 100%.  Ed opens a special account with $1000 on Dec 31.  Interest is compounded annually on Dec 31, at which time he deposit another $1000.  He can make no withdrawals until he closes his account at the end of 9 years.  

Ac6 Let g(x) be the amount in thousand dollar units Ed will have at the end of year x in his special account if he wins the 100% interest rate.  Write a recursion for g and a function table for the 9 years. Include a row for g.  Write an explicit formula for g.

General Financial Applications  One main application of exponential growth involves compound interest.  Interest rate are often stated as annual, even though they are compounded more frequently.  For calculation, we need the rate for the relevant period.  Thus for a stated annual rate of .08 compounded quarterly, use the rate of .02.  Ac2d gave the equations need to analyze a single investment.  Let m be a periodic amount invested at regular intervals.  Let b = 1+r where r is the interest rate for this interval.  Let g(x) be the value of these investment and accumulated interest at the time of investment number x.  With no investments this value is 0, so g(0) = 0.  When one investment is made, no interest will ahave accumulated so, g(1) = m.  When the second investment is made the first amount will have earned interest of mr, so g(2) = m(m(mr = m(mb.   Similar analysis show that g(3) = m(mb(mb2.  In general, the value at the end of a time period is b times the previous value plus the amount just invested.  This gives a recursive description for g, which is similar to the ABC Savings Situation, except that they started with g(0) = 1. 

Recursive description:  g(0) = 0, g(x+1) = bg(x)+m

Using this recursive description or the above reasoning we see that g(x) = m(mb(...(mbx(1.  The summation formula for a geometric sequence along with r = b(1 gives an explicit formula for g. 



Explicit formula:  g(x) = m(bx1)/r

The usual financial formula for this is stated in terms of variables, rather than in functional notation.  The letter A denotes the amount to be repeatedly invested for n times.  Since g(x) is called the future value it is often denoted by the letter V. See the formula first below.  This formula can be solved for A to determine the amount needed to obtain a value V.  This also give the periodic amount to pay off an obligation V which will come due at the end of n such time periods.  When used this way the investment fund is called a sinking fund. 


V = A(bn1)/r    the future value of n repeated investments A.


A = Vr/(bn1)    amount to invest n times in order to obtain a future value V.

An amount A you are to be paid at end of each of n time periods is called an annuity.  Let P be the principal you must invest in order to receive this annuity.  Analysis giving the formula below for P is suggested in Problem 5.  The formula for P can be solved to determine the amount A of n periodic payments to pay of a debt of present value P.  As before b = 1+r, where r is the interest rate for the relevant period. 


P = A(11/bn)/r        present value needed to receive annuity


A = rP/(11/bn)        amount to reduce present debt

Re6   g(0) = 1 & g(x(1) = 2g(x)+1
          g(x) = 2(2x1.


x
0
1
2
3
4
5
6
7
8
9


g(x)
1
3
7
15
31
63
127
255
511
1023


g(x)
2
4
8
16
32
64
128
256
512
1024

Situation 7 Growing GC  In the year 2806 the biologist Jo Burns returned to earth with a newly discovered giant single cell organism, which she calls GC.  Jo recorded some observations.  A GC can carry on photosynthesis creating useful food for human consumption.  The mass a GC at maturity is 1 gram, with 20% of this mass being protein.  Like yeast a mono cell reproduces by budding, with a normal life cycle of 4 stages.  

Stage 1 (1 hour):  A GC begins this stage as a new bud, breaking off at the end of this stage to
                              become a new young cell.  

Stage 2 (23 hours): A GC cell grows to maturity.

Stage 3 (1 hour): A GC cell produces 3 buds.

Stage 4 (1 hour): A GC cell rapidly loses vitality, with life terminating at the end of this stage.  

Ac7a  Start with 1 cell on day 0 and maintain optimal growth.  Let f(t) be the number of cells on day t.  Give a recursion and an explicit formula for f.  Letting the cells grow according to their natural life cycle on what day would we have a stock of one billion cells? 

Growing GC (continued)  Jo developed a process which modifies stage 3.  Immediately after buds break off the old parent cell is frozen for 24 hours.  It is then revitalized in a special nutrient made from various enzymes obtained by destroying 2 cells that are less than 6 hours old.  Under these conditions it grows rapidly for about l hour.  At the end of this time it can be processed to obtain 1 gram of useful protein.  This is about 5 times its yield if it were processed at the optimal time in its natural life cycle, namely at the beginning of stage 3.  Jo decides that she can easily obtain a stock of one billion cells in about a month even if she immediately begins to produce protein.  Thus instead of using all her buds for breeding purposes she decides begins with 2 cell, and each day to destroy just enough of the buds to process these cells.  Let f(x) be the number of cell on day x. 
Her procedure give the following values for f during the first few days, as explained in more detail in Ac 2.
A row for f is included to help see a pattern. 
x
0
1
2
3
4


f(x)
2
6
14
30
62


f(x)
4
8
16
32


Ac7b  On day 0 Jo begins with 2 cells which are just beginning to bud.  An hour later these 6 buds become young cells.  She freezes the 2 parents and grows the young.  On day 1 Jo has 6 cells, which produce 18 new buds.  Jo freezes the 6 parent cells, uses 4 of the young cells to form enzymes to process the cell frozen on the previous day and lets the other 14 young cells grow.  On day 2 Jo has 14 cells which produce 42 buds.  Jo freezes the 14 parent cells, uses 12 young cells to form enzymes to process the cells frozen on day 1 and lets the remaining 30 grow.  Describe day 3.  Give a recursive description for f and calculate f(5).

Explicit Formula From the table it appears that f(x) is a power of 2 and that f(x) = f(x)(2.  This suggests a formula for f:  f(x) = 4(2x(2.  This clearly gives f(0) = 2, f(1) = 6.  Exercise ?? also shows that this explicit formula implies  f(x+2) = 3f(x+1)2f(x).

Comment  There is a method for using the recursive descriptions like the one from Ac7b to obtain an explicit description for f.  However this method is beyond the scope of this present unit.  A deeper analysis of the relationship between explicit and recursive descriptions for exponential functions is explored in Unit LRFS: Linear Recursions & Function Structures.  For this particular function 

Re7a  The recursion f(0) = 1 and f(x+1) = 3f(x) gives f(x) = 3x.  The smallest t such that 3t109 is 19, as may be seen by either direct calculation or an approximation method suggested later in Exercise 1. 

Re7b  On day 3 Jo has 30 cells which produce 90 young cells.  Jo freezes these parent cells, uses 28 young cells to form enzymes to process the cells frozen on day 2 and lets the remaining 62 young cells grow.  f(0) = 2, f(1) = 6,  f(x+2) = 3f(x+1)2f(x).  f(5) = 3f(4)2f(3) = 362230 = 122. 

Situation 8 Yeast Growth Situation  Suppose I have a single cell organism that reproduces by budding in the following manner: 

1.  After 1 hr of growth an immature cell matures and can begin to grow buds and produce offspring.  

2.  A mature cell produces 2 buds, each grow for 1 hr, split from the parent becoming immature cells. 

Thus starting with 3 immature cell at x = 0, gives 3 mature cells and 0 immature cells at x = 1.  At x = 2 the mature cells have produced 6 buds which split off, giving 3 mature and 6 immature cells.  At x = 3 immature cells have matured, and the mature cell produced 6 more offspring, so we have 9 mature and 6 immature cells.  At x = 4 we have 15 mature cells and 18 immature cells.  Let f(x) and g(x) be the number of immature and mature cells at time x respectively.  Continuing the analysis gives tables for f and g that begin as follows.  

Note that f and g are related by what we
call a joint recursion f(0) = 3, g(0) = 0, f(x+1) = 2g(x), g(x+1) = f(x)+g(x).
x
0
1
2
3
4
5
6
7


f(x)
3
0
6
6
18
30
66
126


g(x)
0
3
3
9
15
33
63
129

Ac8a  Since f(x+2)(f(x(1) = 2g(x(1)(2g(x) and g(x(1)(g(x) = f(x), we have f(x+2)f(x+1) = 2f(x),  and hence f(x(2) = f(x(1)(2f(x).  This recursive condition shows how any value of f can be calculated from the 2 preceding values, for instance f(8) = f(7)+2f(6).  Check that this gives the same result for f(8) as f(x+1) = 2g(x).  Also show g(x+2) = g(x+1)+2g(x), and that this gives the same result for g(8) as does g(x+1) = f(x)+g(x). 

Explicit Formulas  The method from Unit LRFS will immediately yield explicit formulas for f  and g. Without this method we must make some useful observation about the numbers in the partial table. 

What I notice is that g(x) is close to 2x, so I looked at 2x(g(x).  Since this row is ((1)x,
We have g(x) =  2x(((1)x.
x
0
1
2
3
4
5
6
7


g(x)
0
3
3
9
15
33
63
129


g(x)2x
1
(1
1
(1
1
(1
1
(1

Ac8b  Give an explicit formula for f.  

Re8a  f(7)+2f(6) = 126+266 = 258 and 2g(7)= 2129 = 258.  Observe that f(x+3) = f(x+2)(2f(x+1).  Using f(x(3) = 2g(x(2),   f(x(3) = 2g(x(2),   f(x(3) = 2g(x(2), gives 2g(x+2) = 2g(x+1)+4g(x) and hence g(x+2) = g(x+1)+2g(x).  g(7)+2g(6) = 129+263 = 255 = 126+129.

Re8b  f(x) = 2x(2((1)x.  This can be discovered by comparing f to powers of 2.  Observe that f(x)(2x = 2((1)x. 


x
0
1
2
3
4
5
6
7


f(x)
3
0
6
6
18
30
66
126


f(x)2x
2
(2
2
(2
2
(2
2
(2

However it can also be derived directly from the formula for g by using the relationship f(x) = 2g(x(1): 

f(x) = 2g(x(1) = 2(2x(1(((1)x(1) = 2x(2((1)x.
Exercises and Problems  See Appendix A for Answers to Exercises

Ex1  Situations 5 and 6 both involve functions that satisfy the recursive condition g(x(1) = 2g(x)+1, and hence for which g(x) = g(x)(1.  They differ in the value for g(0).  With g(0) = 0, we obtain g(x) = 2x(1.  With g(0) = 1, we obtain g(x) = 2(2x(1. 

This table shows that this recursive condition with g(0) = 2 gives g(x) = 3(2x andg(x) = 3(2x(1.   

Generalize


x
0
1
2
3
4
5
6


g(x)
2
5
11
23
47
95
191


g(x)
3
6
12
24
48
96


Ex2  Suppose g is determined by a recursive description of the form g(0) = k and g(x(1) = 2g(x)(m.  Give an explicit formula for g.

Pr1 You are probably not aware that the tower of Hanoi is intimately linked with the destiny of the universe.  In a monastery in Hanoi there is a tower about 100 cm high of such discs.  This tower is an anti-conservation machine.  Each time a disc is moved it removes at random one atomic mass unit (the mass of a hydrogen atom) from each galaxy in the universe.  When the transfer is completed there will be no more matter in the universe.  It takes about ½20256 atomic mass units to make a mass of 1 kilogram.  The mass of the earth is about 61024 kilograms.  The sun is about 106/3 as massive as the earth.  The galaxy is about 21011 as massive as the sun.  Estimate the thickness of each disc in this tower?  

Pr2  Before starting her procedure Jo wants to know whether the cell, now that it is in a radically new environment, may develop mutations.  Thus Jo decides at the end of each day to select at random (and in the process destroy) one of the cells which would have normally entered into the breeding process.  If Jo lets them grow and reproduce according to their natural life cycle, would it still only take 19 days to obtain a billion cells?  If Jo does this instead during her procedure for obtaining protein, how long will it take her to obtain one billion cells?   In Jo’s procedure we were concerned with the breeding stock at the end of each day.  We might also ask other questions.  For example how many buds are produced on day n?  How much protein does Jo obtain on day n?  How much protein has Jo obtained all together in n days? 

Pr3  A single bull can impregnate a large number of cows.  Suppose I start with 1 bull and 16 cows, and want to build a herd of 100 cows.  Assuming that none of my cows die and that half of the calves are male which I raise as steers and sell for beef and half are female which I retain for breeding purposes, how long before I obtain the desired number of cows?  You may also use the following information.  It takes 9 months for a calf to be born.  A female calf becomes a cow and is able to produce offspring when it is 18 months old.  You might want to consider other problems which arise from this situation.  For example, you might try to determine a general population function.  As a first approximation you might ignore the fact that cows die of old age, however, your function will only be applicable to large values if you take this into account.  

Pr4  Al receives an annuity of amount A from Sue.  As before b = r+1, where r is the interest rate.  Regular investments of A for n time periods, would yield A(bn1)/r.  An amount P invested at the beginning of these time periods would yield Pbn.  Thus the value P which gives A(bn1)/r = Pbn is present value needed to receive this annuity.  Use this to derive the annuity formula for P given earlier.  Can you think of a recursive analysis relevant to annuities? 

SECTION 3  JOINT GROWTH SITUATIONS

Perspective  Functions in previous sections were intended as faithful models, in the sense that their descriptions can be derived from an idealized version of some situation.  In this section the functions act as trend models, i.e. they are chosen merely to approximate some trend in the situation.  Thus they cannot be derived from an analysis of the situation being modeled.  These situation involve populations f(x) and g(x) at some time x.  We suppose that the growth can be approximated by a joint recursions of the form below, with a, b, i, j all positive, but with b and c depending on how the organisms interact.  


 f(0) = i & f(x+1) = af(x)+bg(x)

g(0) = j & g(x+1) = cf(x)+dg(x)

Symbiotic Growth:  A close association of two different kinds of organisms that benefit both organisms is called symbiosis.  The growth known as lichen is not a single organism, but is symbiotic combination of two different organisms, namely a fungus and an algae.  Suppose that under a certain set of conditions lichen growth can be adequately modeled the recursion below.  The specific values of the parameters were chosen in an arbitrary manner, except that all have been chosen as positive to reflect the fact that growth is symbiotic.  In practice they would be chosen to fit present data then used to predict future data.  


 f(0) = 2     f(x+1) = 3f(x)+2g(x)           g(0) = 1     g(x+1) = f(x)+2g(x) 

Note  Letting h(x) denote the total population at time x, i.e. h(x) = f(x)(g(x), it is easy to obtain the following simple recursion for h:  h(0) = 3 & h(x(1) = 4h(x).  Thus h(x) = 3(4x..

Ac1  Interpret the above recursion in words, if time is in hours.  Give a partial table for f and g and use it to conjecture independent recursions for f and g.  Give explicit formulas for f and g and verify that these formulas satisfy the joint recursions.

Competitive Growth  Let f(x) be the thousands of the first type sand g(x) be thousands of the second type of grazing animals.  If they compete for the same limited food supply you might expect their population functions to follow a recursion where b < 0 and c < 0.


 f(0) = 10 & f(x+1) = 3f(x)g(x)

g(0) = 20 & g(x+1) = 2f(x)+2g(x).

Ac2  Give partial tables and explicit formulas for f and g. Give independent recursions for f and g.

Model Adequacy  Let h = f+g be the total population of both kinds of animals.  Since f(x+1)+g(x+1) = f(x)+g(x), we have h(x(1) = h(x), the total population is constant.  With the initial values given each type of population is also constant, but with different initial values this might not be the case.  With f(0) = 11 and g(0) = 19, the model then predicts f(1) = 14, g(1) = 16, f(2) = 26, g(2) = 4, f(3) = 74, g(3) = 44.  Note that h still stays constant, at 30; but as f grows, g becomes negative.  Thus this imaginary model cannot correspond for long with an actual situation. 

Re1  Start with 1 fungus cell and 2 algae cells.  The number of fungus cells at the end of an hour is equal to 3 times the number of fungus cells plus 2 times the number of algae cells at the beginning of the hour.  The number of algae cells at end of an hour is equal to the number of fungus cells plus 2 times the number of algae cells at the beginning of the hour.
  

x
0
1
2
3
4


f(x)
2
8
32
128
512
f(0) = 2 & f(x(1) = 4f(x)                     f(x) = 2(4x

g(x)
1
4
16
64
256
g(0) = 1 & g(x(1) = 4g(x)                   g(x) = 4x 

f(x(1) = 2(4x(1 = 8(4x and 3f(x)(2g(x) = 6(4x(2(4x = 8(4x. 
g(x(1) = 4x(1 = 4(4x and f(x)(2g(x) = 2(4x(2(4x = 4(4x.

Re2 
x
0
1
2
3
4


    
f(x)
10
10
10
10
10
f(x) = 10             f(0) = 10 & f(x(1) = f(x)

   
g(x)
20
20
20
20
20
g(x) = 20             g(0) = 20 & g(x(1) = g(x)

Predator and Prey  Suppose the organisms involved are predator and prey.  For example let f(x) be tens of foxes and g(x) thousands of rabbits.  Since more rabbits benefits the fox population, we choose b > 0;  however since more foxes reduces the rabbit population, we choose c < 0.


 f(0) = 1 & f(x+1) = f(x)+g(x)           g(0) = 3 & g(x+1) = f(x)+3g(x)

Ac3  Give a partial of the table for f and g.

Explicit Formulas  Unit LRFS will involve a detailed exploration of the relationship between explicit and recursive descriptions for exponential functions.  The results of this exploration would make it easy to find independent recursions for f and g and also to obtain the explicit formulas for f and g.  Without these results we can still make some observations about the table for f.  Observing that 2f(x) < f(x+1) < 3f(x) it seem reasonable to guess that perhaps a formula for f might involve a power of 2. 

Writing a row for 2x under the row for f(x), 
note that f(x) is a multiple of 2x.  Specifically,

f(x)/2x = 1+x, and thus f(x) = (1(x)2x


x
0
1
2
3
4
5


f(x)
1
4
12
32
80
192


2x
1
2
4
8
16
32


f(x)/2x
1
2
3
4
5
6

By the recursion for f, g(x) = f(x+1)f(x).  Since f(x+1) = (2(x)2x(1 = (4(2x)2x,  g(x) = (3(x)2x. 

Model Adequacy  Clearly f and g give unsustainable growth for both the for and rabbit populations, and thus could not adequately model a situation unless circumstances allowed for considerable growth situation.  Another closely related recursion that predicts even greater growth is indicated below. 


 f(0) = 1 & f(x+1) = f(x)+g(x)

           g(0) = 3 & g(x+1) = 2f(x)+4g(x)


x
0
1
2
3
4
5


f(x)
1
4
14
46
146
454


g(x)
3
10
32
100
308
940

In the first few cycles there is little difference, but after a few more cycles it should be clear that the second gives much greater growth.  You can verify that the functions f and g described explicitly by the formulas below satisfy these recursive conditions and give the other values in the table. 

f(x) = 2(3x(2x 

g(x) = 4(3x(2x

The methods I used to discover these formulas are developed in Unit LRFS.  However in retrospect I can think of a way to discover these formulas without using the deeper analysis from that unit.  First note that f(x(1) > 3f(x) and seems to be growing sort of by a factor of 3.  Specifically observe the equation below it might seem that a power of 2 is also involved.

f(1) = 3f(0)(1

f(2) = 3f(1)(2

f(3) = 3f(2)(4

f(4) = 3f(3)(8

The simplest guess to make is that f(x) is of the form a3x(b2x.   Then f(0) = a(b and f(1) = 3a(2b.  Using the values for f(0) and f(1) we can solve a(b = 1& 3a(2b = 4 to obtain a = 2 & b = (1.  This gives the above formula for f.  Such a strategy will only work when we can correctly guess a general form.  Had we obtained a formula which did not work we could have tried a more complicated form such as  a3x(b2x(c, using three value from the table to solve for a, b, c.. Had we tried this form initially we would have found that c = 0, and thus discover the same formula for f. 

Re3  
x
0
1
2
3
4
5


f(x)
1
4
12
32
80
192


g(x)
3
8
20
48
112
256

Exercises and Problems  See Appendix A for answers to exercises.

Ex1a  Given recursion for Situation 1, how long will it take to obtain one kilogram of lichen?  Either make a reasonable assumption about the mass of a cell or look up the appropriate information.  

Ex1b  Suppose we had modeled the symbiotic growth situation with functions that had the recursive descriptions below.  Let (x) = f(x)(g(x) and (x) = f(x)(g(x).  Write partial tables for f, g, , .  Derive recursions for  and  from the recursions for f and g.  Give explicit formulas for  and , and use these to obtain explicit formulas for f and g.   
f(0) = 2 & f(x(1) =  3f(x)(g(x)
g(0) = 1 & g(x(1) = f(x)(3g(x)

Ex2b  In the competitive growth situation we defined h(x) = f(x)(g(x) and saw that h(x+1) = h(x), i.e. the total population was constant.  Furthermore with f(0) = 10 and g(0) = 20 that f(x(1) = f(x) and g(x(1).   In generalize if f and g are determined by recursions of the type below what relationship must hold between the elements of {a, b, c, d} for h to be constant?  What further relations must hold between i and j for f and g to also be constant.   

f(0) = i & f(x+1) = af(x)+bg(x)

g(0) = j & g(x+1) = cf(x)+dg(x)

Ex2a  In discussing the model adequacy for Situation 2 we said that with f(0) = 11 and g(0) = 19, the model then predicts f(1) = 14, g(1) = 16, f(2) = 26, g(2) = 4, f(3) = 74, g(3) = 44.  Looking at f, we have f(0) = 3, f(1) = 12, f(2) = 48.  Also g(0) = (3, g(1) = (12, g(2) = (48. This suggests that f(x(1) = 4f(x) & g(x(1) = 4g(x).  Check this for x = 2.   Assume it holds for all x and give explicit formulas for f and g, and then use the formula for the sum of a geometric progression to find the corresponding formulas for f and g.  Show that these formulas satisfy the recursive conditions for f and g.
Ex3a  The recursions suggested for predator and prey were chosen so explicit formulas for f and g would not be too difficult to find.  This resulted in rapid growth for both populations.  To obtain slower growth with a negative value for c, we could use the recursive descriptions below.

f(0) = 1 & f(x(1) =  f(x)((1/10)g(x)

g(0) = 3 & g(x(1) =  ((1/10)f(x)((6/5)g(x)

Check that f(1) = 1.3, g(1) = 3.5, f(2) = 1.65, g(2) = 4.07.  To obtain an explicit description for f and g let (x) = g(x)(f(x).   Show (x(1) = (11/10)(x).  Find an explicit formula for .  Suppose f(x) has an explicit formula of the form (u(vx)(11/10)x and use this to obtain f(x) = (1(2x/11)(11/10)x.  Also obtain a formula for g(x).  Show that the formulas obtained satisfy the joint recursion for f and g,  

Ex3b  For f and g from Ex3a, let h(x) = g(x)/f(x).  What is the smallest value of x such that h(x) < 1.5?  What happens to h(x) as x gets large?  

Pr1  Suppose in the symbiotic growth situation the initial values were f(0) = 5 and g(0) = 2.  Give explicit formulas for f(t) and g(t). 

Pr2  Under what circumstances is the joint recursion given for foxes and rabbits plausible and under what circumstances is it not plausible?  Can you find an explicit description for f and g?  One circumstance you might consider could include assumptions about whether there is an adequate food supply for the growth of rabbits.  Another circumstance would be initial population figures for foxes and rabbits.  For example the recursion is clearly implausible if you start with 2 foxes and 0 rabbits.  Can you find initial population figures which keep the ratio of foxes and rabbits fixed.  

Pr3  Given conditions that a, b, c, d must satisfy in a competitive if the food supply is limited to the extent that it will not support an increase in the number of grazing animals?   Under these conditions discuss when one species has a competitive advantage over the other?  

Appendix a Answers to Exercises

Answers to Exercises from Section 1

An1  Since 2310 < 34,  215105 < 320.  Thus 3109 < 320. 

An2  Using kilometer units: (5/4)108 < S < (3/2)(108.  For a page in my book t = 4(10(10.  
Thus T = 4(260(10(10.  Using 210 > 103 we have T > 4(108 and we so T > (8/3)S > 2S.  
Using 210 < 103(1.01)3,  T < 4(108(1.01)18 < 5(108.  Since (5/4)108 < S, we have T < 4S.    

The above estimate used (1.01)18 < 5/4.  One way to see this is to use binomial coefficients to obtain (1.01)6 = 1.0615150601 < 1.062,  and (1.062)3 < 1.25.   The claim below, which follows from the binomial theorem and the formula for summing a geometric sequence, show (1.01)18 < 1.2.

Claim  n ( 20 ( (1.01)n < 1(n/90

To establish this claim note that: 

(1+.01)n = 1(n/100((n/100)((n(1)/200)((n/100)((n(1)/200)((n(3)/600)(...

(1+.01)n  < 1(n/100(1(1/10(1/100+...) < 1((n/100)((10/9)

An3  For the first recursion: f(x) = (1/2)x.  For the second f(x) = 2(1/2)x or f(x) = (1/2)x(1.

An4
x
0
1
2
3
4
5
6



h(x)
1
2
4
8
16
32
64
h(x) = 2x


g(x)
2
4
8
16
32
64
128
g(x) = 3(2x


f(x)
3
6
12
24
48
96
192
f(x) = 3(2x

An5  
         
x
0
1
2
3
4
5
6



f(x)
1
(2
4
(8
16
(32
64
f(x) = ((2)x


h(x)
1
(3
9
(27
81
(243
729
h(x) = ((3)x

An6  f(0) = 1 & f(x(1) = (f(x).  The tables for g and h both alternate between 0 and 2, h being 0 for even inputs and g being 0 for odd inputs.  Since g(x) = f(x)(1, we have g(x) = 1(((1)x.   h(x) = 1(((1)x.

An7  The table for  alternates between 2 and 1.  (x) = 1½(½((1)x.  h(x) = 1½(2x(½((2)x.   

Answers to Exercises from Section 2

An1  If g is described by the recursion g(0) = k & g(x(1) = 2g(x)+1 then g(x) = (k(1)(2x and thus 
g(x) = (k(1)(2x1 is an explicit formula for g.

An2  If g is described by the recursion g(0) = k & g(x(1) = 2g(x)+m then g(x) = (k(m)(2xm is an explicit formula for g.

Answers to Exercises from Section 2

An1b  (0) = 3 & (x(1) = f(x(1)(g(x(1) = 4(f(x)(g(x)) = 4(x)
(0) = 1 & (x(1) = f(x(1)(g(x(1) = 2(f(x)(g(x)) = 2(x).
So (x) = 2x, (x) = 3(4x.  Since (x)((x) = f(x), we have 
f(x) = ((x)((x))/2 = (3/2)4x((1/2)2x 
Likewise g(x) = ((x)((x))/2 = (3/2)4x((1/2)2x.


x
0
1
2
3
4


f(x)
2
7
26
100
392


g(x)
1
5
22
92
376


(x)
3
12
48
192
768


(x)
1
2
4
8
16

An2a  f(4) = 222(((44) = 266, so f(4) = 266(74 = 192 = 4f(3).  Likewise   g(4) = (192 = 4g(3).  Assuming f(x(1) = 4f(x) & g(x(1) = 4g(x) for all x we have f(x) = 3(4x & g(x) = (3(4x.  Thus  give f(x) = 11((4x(1)/(4(1) = 10(4x and g(x) = 20(4x.  Below we see that f and g satisfy the recursions given in Situation 2

3f(x)(g(x) = 30(3(4x(20(4x = 10(4(4x= f(x(1)

(2f(x)(2g(x) = (20(2(4x(40(2(4x = 20(4(4x= g(x(1).

An2b  If a(c = 1 & b(d = 1 then h is constant.  Furthermore if bj = ci then f and g are also constant.  To see this note that f(1) = ai(bj = ai(ci = (a(c)i = i and g(1) = ci(dj = bj(dj = (b(d)j = j.   These can now be used to show f(2) = i and g(2) = j, etc.  

An3a  (x(1) = f(x)((1/10)g(x)((1/10)f(x)((12/10)g(x) = (11/10)f(x)((11/10)g(x) = (11/10)(x).  Since (0) = 2, we have (x) = 2(11/10)x.  Now suppose (u(vx)(11/10)x.  Since f(0) = u, we have u = 1.   Using f(1) = 1.3, gives (1(v)(1.1) = 1.3, and hence v = 2/11.  Similar analysis give g(x) = (3(2x/11)(11/10)x.  You can check to see that these formulas give the same values for f(2) and g(2) as those given by the recursive description, but to verify that they are these functions we can show that functions with these explicit descriptions satisfy these recursions.  
f(x(1) = (1(2(x(1)/11)(11/10)x(1 = (11/10(2(x(1)/10)(11/10)x = (13/10(2x/10)(11/10)x

f(x)((1/10)g(x) = (1(2x/11)(11/10)x((1/10)(3(2x/11)(11/10)x = (13/10(2x/10)(11/10)x

A similar argument works for g.

An3b  h(x) = (33(2x)/(11(2x). Thus h(x) <1.5 is equivalent to 16.5 < x.  Clearly 17 is the smallest such  value. As x get large, h(x) get close to 1.   For example h(1100) is within 1% of 1.

APPENDIX B: OTHER GROWTH SITUATIONS

Situation A: The Gambler  Jason has just arrived in New Vegas with exactly 14 federation credits in his account.  New Vegas is the most plush resort planet in the federation, and while he could easily live on 3 credits a day in any other first class planet in the federation, it will take him 9 a day to live on New Vegas.  Jason is not worried for he estimates that in less than a federation month (28 days) he will have been able to use his gambling skill to acquire a million kilocredits (1 kilocredits = 1000 credits).  He figures that each day he will spend 9 credits, but that each evening he can triple whatever amount he has by merely moving to games in which the stakes are higher as his fortune grows.  It will be close for only the first few days.  On day 0, he will spend 9 credits before evening, 5 which he can triple so that he will begin day l with l5 credits.  Spending 9 on day 1, he can triple the remaining 6 that evening, and begin day 2 with 18 credits.  Let f(x) denote the number of credits Jason has at the beginning of day x.  Formulate recursion for f, and use this either to generate entries for a table or to obtain an explicit description of f.  Is Jason correct in his estimate that thru this process he will acquire a million kilocredits in a month?  

Although Jason is the most adept card player on the planet, he underestimated both the skill of other players and his living expenses.  These expenses went up each time he changed his circle of gambling associates.  It seems that the players who gambled for higher stakes also met at more expensive clubs.  As long as he was playing with a stake of under a kilocredit his first estimates were accurate.  Playing with between 1 and 100 kilocredits his expenses amounted to about a kilocredit daily.  Furthermore he could only increase his stake by a factor of 2½ each evening.  Playing with a stake between 100 and 10000 his expenses still amounting to 100 credits daily and he could double his stake daily.  By the time he was playing with a stake of over 10000 kilocredits he was moving in a social circle whose obligations allowed him only one night a week for serious gambling, and because he had to throw expensive parties, bribe government officials, pay bodyguards; his expenses were 1000 kilocredits weekly.  I shall leave it to you to formulate and explore questions relating to these new developments.  

Situation B: Radioactive Decay  Probabilities about radioactive decay yield recursive descriptions for functions that approximate the amount of a particular isotope to be found in samples containing a significant amount of the isotope.  For example if f(x) denotes the amount of lead-214 at time x, where x measures hours, then one hour later 75% will have decayed and only 25% will remain.  This can be expressed by the recursion f(x+1) = ¼f(x).  Thus starting with a mass of one gram at time 0 then f(x) = x¼.  The half life of an isotope is the time taken for 1 gram to decay to ½ gram.  Since (¼)½ = ½ the half life of lead-214 is ½ hour.  In general, if d is the rate of decay in a time period and f(x) the amount remaining at the end of x such periods, then f(x+1) = (1d)f(x).  Show that the half life is the number x such that (1/(1d))x = 2.  The recursion for lead210 is given by f(x+1) = (.97)f(x), where time is now measured in years.  Determine the half life of lead-210.  (For more detail on the difference between lead-210 and lead-214, see informational comment on the next page.) 

Carbon 14 is an important isotope used to determine the age of ancient relics.  The half life of carbon-l4 is about 5750 years.  Carbon-14 is formed by cosmic ray action on the nitrogen in the air.  This carbon unites with oxygen and is used by plants in photosynthesis.  Animals which eat these plants incorporate this carbon-14 into their bodies.  When they die they stop accumulating carbon-14 and so the carbon-14 in their cells starts decreasing.  Suppose the remains of some animal is found, and the ratio of carbon-14 is a gram of its bone to the amount of carbon-14 in a gram of bone of a current living animal is found to be r.  Assume that the carbon of carbon-14 used by plants then was the same as now.  What value of r would lead you to conclude the animal whose bone was analyzed died 1000 years ago?  

Information  An atom of ordinary lead has 82 protons and 124 neutrons in its nucleus.  Since the nucleus has 206 particles it is called lead-206.  Any type of lead will have 82 protons in its nucleus but it may have additional neutrons.  For example an atom of lead-210 has 128 neutrons in its nucleus while an atom of lead-214 has 132.  The forms of lead are called isotopes.  They have similar chemical properties but different nuclear decay properties.  Lead-206 has a stable nucleus, the others are subject to decay.  In any given hour each atom of lead-214 has a 75% chance that one of its neutrons will change to a proton by emitting what is called a beta particle.  This new atom will have 83 protons and 131 neutrons and will no longer be an atom of lead.  It will be an atom of bismuth-214, which incidentally is also unstable.  Lead- 210 is more stable than lead-214.  In any given year instead of hour, each atom of the lead-210 has a 3% chance of changing to an atom of bismuth-210.  All elements mentioned are part of the decay series in which uranium-238 decays to lead-206.  Look up radioactivity in any encyclopedia for information about this decay sequence.  

Situation C: Destroying a Capitalist Society  According my friend Rex, who dabbles in a revolutionary movements, our capitalist society is due for destruction as soon as the following plot can be put into action.  A list consisting of approximately 10% of the population of this country has been compiled.  Persons on this list have been selected because it is felt that if they unexpectedly found $1000 cash in an unmarked envelope, they would spend it rather than report this find to anyone.  The plan is to distribute to each person on this list $1000 in counterfeit money.  The plates to produce this money are being procured from a foreign government sympathetic to the plot.  This government is also arranging to smuggle in special quality paper which will be undistinguishable from the paper on which U.S. currency is presently printed.  Rex claims that this plot, will have the effect of multiplying the amount of money in circulation by a factor larger than 10 and thus according to the law of supply and demand, our inflation rate will suddenly jump by 100%, completely destroying our economic system.  In the past, Rex has given me information which was not completely reliable.  He feels little necessity to check the factual background, however, he did demonstrate to me how each $1000 cash will produce over $10000 of money, using the standard M1 concept of money for our economy.  Because most monetary transfers occur thru checking accounts, when $1000 cash is spent most of it gets deposited in the banking system.  The bank, because of the legal reserve ratio is only required to keep 5% of this amount on reserve so it lends out 95% that is $950 which borrowers deposit and now another $950 is in the banking system, not as cash but as additional value of checking accounts.  Thus in one lending cycle the $1000 cash has produced a money supply of $1950.  Again the bank need only keep 5% of this $950 as cash reserve so it lends out $902.50 of this and thus after two lending cycles the $1000 cash has produced a money supply of $2852.50.  This process continues and it can be shown that if the banks lend to the limit, keeping only the minimum legal reserves, then by the 11th lending cycle there will be over $10000 cash in circulation.  

There are a variety of questions that are raised by this situation.  For example, economists assume that the number of lending cycles is infinite and that banks keep only minimum reserves when they calculate the theoretical money supply.  You might ask the empirical question of how well their mathematical analysis fits the real world. If it does not fit you might formulate mathematical models for additional empirical assumptions to obtain a more refined theory.  However, this involves a research into the nature of our monetary system, I will merely pose the most basic question relating to this situation.  Suppose the banking system holds a reserve of exactly l/3.  Each dollar of cash introduced into the banking system will add certain amounts to the money supply on each lending cycle.  Let f(x) denote the total amount, per dollar, added to the money supply by the xth cycle.  Determine f(x).  Show that f(x) is bounded and find the smallest number b such that for every n we have f(x) is less than b.  If you want a more general version of the problem use a general reserve of r instead of l/3.  If you do, it may be useful to express r as a fraction a/b.  

Situation D: The Colonial Expansion  Hidden in a secret vault, by an agency of so secret that no one has ever heard of it, is a plan for colonizing all of the 100000000000 star systems in our galaxy, within a time span of only 23 centuries.  The essence of the plan is to send out 3 new colonies the first century, 9 new colonies the second century, 27 new colonies the third century, and in general to send out in any given century 3 times as many new colonies as in the preceding century.  Thus after 1 century there would be 4 human civilizations, earth plus the 3 new colonies.  After 2 centuries there would be 13 human civilizations, the 4 from the previous century and the 9 new ones, etc.  This is enough information to enable you to check to see if the goal of the plan is numerically correct.  However, there are also technical questions, so anyone interested in more details here is how the colonization is supposed to work.  It will be possible in the next century to hollow out an asteroid and make a spaceship which travels l/10 the speed of light and which is capable of supporting a colony of 1000000 people for 50 years on its journey to our nearest neighboring star.  We shall send 3 such ships each with 500000 people in different directions. When after 50 years a ship reaches its destination it will spend the next 50 years building two additional ships.  During the 100 years since it left earth its population will leave a colony of at least 500000, and send on three ships each with 500000 people.  It is unfortunate that the agency is so secret that they cannot be contacted, but perhaps if enough of us hear abut the geometric flaw in this plan it will get back to them.  Please help me point out this error to as many people as possible.  

There are a variety of questions and problems which might be formulated with respect to this situation.  For example, suppose a society sends out k colonies.  One time period later each of these colonies send out k new colonies, and in general each colony after it is established for one time period sends out k colonies.  After n time periods there will be how many societies.  The plan above is a special case of this problem in which k = 3 and the time period is one century.  One strategy is to let f(x) denote the number of societies existing after x time periods.  The problem is equivalent to finding the sum of the geometric progression 1+k2+...+k(x1).  This can be solved using the standard formula, or it can be solved using the recursion f(0) = 1 and f(x+1) = f(x)+kx. 

APPENDIX C  THE NUMBER OF FACTORS OF A NUMBER

Perspective  The function in Pr1 below involves the prime factorization of n, rather than the size of n. 

Problem 1  For each positive integer n, define f(n) to be the number of positive integral factors of n.  So, for example, f(6) = 4 since 6 has the 4 the factors 1, 2, 3, 6.  Note that f is a function on the set of positive integers.  How could one know that f(6) is 4 without actually listing the factors?  Can you think of a general way to determine f(n) without listing the factors of n?  If not, work thru the following exercises. 

Ex1  Start with the special case where n is a  prime.  What is f(2), f(3), f(5), f(7)?  In general, what is f(p) where p is a prime and why? 

Ex2  Consider the special case where n is a power of a prime.  What is f(8), f(16), f(125), f(128)?  Continue examining specific examples, until you can state what f(pk) is for any prime p.  Why is your conclusion true?  Use your result to find f(625), f(1024), f(121). 

Ex3  Consider the special case where n is a product of two distinct primes, such as 10 = 25.  What is f(10), f(15), f(77)?  In general, what is f(p(q) where p and q are different primes, and why? 

Ex4  Find a general formula for f(p(q(r) where p, q, r are distinct primes.  You may want to look at specific cases of such numbers first, such as 235 = 30. 

Ex5  Generalize the results of exercises 3 and 4.  You might first want to examine numbers that are products of 4 distinct primes, then numbers which are products of 5 distinct primes, etc. Use your result to this problem to find f(210), f(330), f(2310). 

Ex6  Consider the case where n is a product of powers of two distinct primes, say n = 500 = 2253.  What is f(500)?  What are f(4) and f(125)?  How could you have found f(500) from knowing what f(4) and f(125) were?  Consider looking at specific cases of numbers which are the product of powers of two primes until you can generalize.  Give f(12), f(225), f(648). 

Ex7  Repeat exercise 6 for numbers which are the product of powers of 3 distinct primes, then 4 distinct primes, until you can complete the following: 


 f(a1...ak), where each ai is a power xi of some prime pi.

Now reflect on the strategy used in the previous set of exercises that allowed you to find this result.  

Problem 2  Let g(n) be the number of number which are less than and relatively prime to n.  Find a formula for g(n). 

Appendix D: Background Concepts

Functional Notation  Consider the area of a rectangle which is as many units wide as the number but one unit longer than the number.  Calling the number n, the corresponding area can be calculated by the expression n(n1).  Just as it is easier to talk about the number and the corresponding sum if we give the number a concise name like n, it is easier to talk about the function which associates n(n1) with n if we give it a concise name.  Since the 16th century mathematicians have used letters as names of numbers and this is probably the first use of letters in mathematics that most of us encounter.  This might condition us to expect letters we see in a mathematical context to stand for a number.  However numbers are not the only important entities in mathematics that need names, and we must become used to using letters as names of points and lines, names of sets, and also as names of functions.  Since capital letters are often used to name lines and points and sets, and since these entities are easily distinguished from numbers, we are seldom bothered by such notation.  With functions, there may be some difficulty, to some extent stemming from the fact that mathematicians are often sloppy in their usage of language when it comes to functions.  They frequently do not clearly distinguish the functional relationship from the value of the function.  For example, suppose we let g name the functional relationship described above.  Now the description of g in the first line of this paragraph is rather tedious. There are several fairly standard ways to abbreviate. 

(A)  Let g be the function such that   g: x ( x(x1) or g: a ( a(a1) or using any other variable

(B)  Let g be the function such that  g(x) = x(x1) or g(n) = n(n1) or using any other variable

Although (A) and (B) are merely two different ways of saying the same thing, there is a psychological difference.  In (A) your attention is focused on the function g itself, while in (B) your attention probably tends to focus on the output g(x).  Now g(x), while often referred to as a function, is really a number (or perhaps a numerical expression).

For example: when x = 3, then g(x) = 12; that is, g(3) is the number 12
                      when x = 10, then g(x) = 110; that is, g(10) is the number 110

If the distinction between g and g(x) seems unimportant, consider g(x) and g(n).  We do not want to say that g(n) is equal to g(x), for this would be like saying “n(n1) = x(x1)”,and according to fairly standard conventions, when we say two expressions are equal in mathematics without specific conditions on the letters involved, we usually mean they are equal for all possible values of the letters involved.

The important thing to remember about the preceding discussion is that we should not confuse a function with the value of the function.  For example, by the function x2  we really mean the function which maps each x into x2 i.e. the function x ( x2.   While this describes a function, it does not give it a name.  Naming a function by using a letter is a fairly simple procedure, but it is only one aspect of functional notation.  Another important aspect is the g(x) notation which names the value that the function g associates with the number x.  Thus for the area function for the rectangle mentioned previously:  

g(1)=1(11),   g(2)=2(21),   g(3)=3(31),   g(4)=4(41),   etc.

The above use of notation is usually fairly easy to master when given a formula for the function and specific values.  However, the notation is not limited to such cases.  In particular, it is understood that we can place any numerical or algebraic expression in the parentheses. 

g(52) = (52)(521),  g(53) = (53)(531),  g(x1) = (x1)(x11),  g(x2y) = (x2y)(x2y1),  g(xy) = (xy)(xy1)

If all of that seems perfectly straightforward, then perhaps that means you will never make the very common error of reading g(x(y) as g times xy or of confusing g(xy) with g(x)g(y).  Note in particular that:  g(52) = 28, while g(5)g(2) = 153 = 18;   so g(52) ( g(5)g(2).

Polynomial Functions from Z into Z   The concept of a polynomial function and its degree, is illustrated below.  In each case a is not 0 and is called the leading coefficient for the polynomial function.  The names constant, linear, quadratic, cubic are often used in place of numerical indication of degree. 

If f can be represented in the form f(x) = a where a ( 0 then f is a zero degree polynomial function

If f can be represented in the form f(x) = b(ax where a ( 0 then f is a first degree polynomial function

If f can be represented in the form f(x) = c(bx(ax2 where a ( 0 then f is a second first degree polynomial function

If f can be represented in the form f(x) = d(cx(bx2(ax3 where a ( 0 then f is a third degree polynomial function

A polynomial function from Z into Z need not have integer coefficients.  It must merely yield integer outputs for all integer inputs.  For example, if f(x) =  ½x½x2, you can check that integer inputs always give integer outputs. 

Recursion   The word recursion is taken from the word recur.  So this fancy title merely means that we want to explore the relationship between recurring numerical patterns and some formulas that can be used to describe these patterns.   This unit will focus on patterns that involve integers and that can be described using polynomials.  A simple familiar example is the patter seen by looking at a list of positive even numbers.  The first positive even numbers is 2, and they go up by 2 from this initial starting point. Using functional notation, we can let f(1) be the first such number, f(2) the second, f(3) the third, etc.  

x
1
2
3
4
5
6
7
8
…

f(x)
2
4
6
8
10
12
14
16
…

The recurring pattern can be stated using functional notation:  f(1) = 2 & f(x(1) = f(x)(2.   It should be easy to see that we could use the following simple formula:   f(x) = 2x 

While a partial table is too limited to determine a function, it can suggest a recurring pattern that does determine the function.  A description telling the function output for some initial input and how the output changes as the input goes up by 1 is called a recursive description of the function.   We will usually take the initial input as 0.

Example 0  The function table given below starts with the output value 1 for the initial input of 0. 
It also suggests a recurring pattern, namely that as
the input goes up by 1 the output goes up by 2. 


x
0
1
2
3
4
5
6
…


f(x)
1
3
5
7
9
11
13
…

The recursive description of f can be given compactly as follows:

         (1)    f(0) = 1          initial condition         (2)  f(x1) = f(x)2     recursive condition

For the above recursion, substituting 0 for x in (2), and then using (1) we can calculate the value for f(1).  Using 1 for x in (2) and this value for f(1), we can calculate the value for f(2).  This can then be used to calculate f(3).  This process can be continued to calculate f(4), f(5), etc.  

f(01) = f(0)2, so f(1) = 12 = 3
f(11) = f(1)2, so f(2) = 32 = 5

f(21) = f(2)2, so f(3) = 52 = 7
f(31) = f(3)2, so f(4) = 72 = 9    etc.

To obtain a recursive pattern for calculating values of f for negative inputs, solve (2) for f(x) and let x be k(1, giving  f(k(1) = f(k)(2.  Using 0 for k: f(0) = 1, gives f(1) = f(0)21,  f(2) = f(1)23,  f(3) = f(2)25, etc. 

Uniqueness Claim  From Example 0, it should be clear that a recursive description for a function whose domain is Z uniquely determines the function.  A general proof can be found in Unit LRFC.

Explicit Formulas  The function, whose table and recursive description was given in Example 0 can also be described by an explicit formula, that is by a formula that tells how to calculate the output directly from the input, rather than from earlier outputs. 

f(x) = 12x

A recursion for f can be obtained directly from the explicit formula for f, without observing any portion of the table.  For the initial condition merely apply the formula to the input 0.  To obtain the recursive condition apply the explicit formula to successive inputs of x and x1, and take their difference.

       f(0) = 120 = 1 

       f(x1)f(x) = (12(x1))(12x) = 2,  so f(x1) = f(x)2 

Difference Functions  To obtain a recursive description for a polynomial function from an explicit one, merely compute f(0) and examine the difference f(x1)f(x).  For instance if f(x) = x2 then f(0) = 0 and f(x1)f(x) = (x1)2x2 = 1(2x, and so the recursive condition for f is f(x1) = f(x)1(2x.  It is convenient to have a compact notation for this difference, so for any function f we define its difference function f as follows:   f(x) = f(x1)f(x)

For instance, we can often determine f, and since f(x1) = f(x)f(x), and thus a formula for f gives a recursion for f, and the  notation gives a slightly more compact way to write a many recursions.
Practice Exercises On Functional Notation

Let h: x ( x2

f: x ( 3x

w: x ( h(f(x))

v: x ( f(h(x))

Ex1  Find:  h(1), h(11), h(2), h(1)h(1), h(3), h(23), f(1), f(11), f(2), f(1)f(1), f(3), f(23)
 w(1), w(11), w(2), w(1)w(1), v(1), v(11), v(2), v(1)v(1)

Ex2  Find h(xy), h(x)h(y), h(xy); likewise for f, w, v.

Ex3.  Find h(h(2)), h(h(h(2))), and h(h(h(h(2)))).    Find h(h(h(h(x)))).

An1  1, 4, 4, 2, 9, 36,     3, 6, 6, 6, 9, 18,    9, 36, 36, 18,    3, 12, 12, 6

An2  x22xyy2, x2y2,  x2y2,     3x3y, 3x3y, 3xy,     9x218xy9y2, 9x29y2, 9x2y2,   3x26xy3y2, 3x23y2, 3x2y2
An3  24, 28, 216 , x16
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