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Boolean Lattice Laws
x(y = y(x


xy = y(x


commutative

(x(y)z = x(y(z)

(xy)z = x(y(z)

associative

1x = x      x1 = x

0x = x     x0 = x 

identity

x(y(z) = (x(y)(x(z)

x(y(z) = (xy)(xz)

distributive

0x = 0x0 = 0


1x = 1x1 = 1 

annihilator

x(x(y) = x
 

x(xy) = x


absorption

x(x = x 


x(x = x


idempotent

x/x = 0    /x(x = 0 

x/x = 1    /x(x = 1 

complement

(x(y)(x/y) = x

(xy)(x/y) = x 

Reduction

/(x(y) = /x/y


/(xy) = /x/y
 

DeMorgan

/(/x/y) = xy


/(/x/y) = x(y

//x = x







double complement

x = y  x/y/xy = 0  &  x = y  xy(/(x+y) = 1
equality transform

xy = 1  x = 1 & y = 1xy = 0  x = 0 & y = 0
operation transform

xy = x  y(x = yx = /y  xy = 1 & xy = 0

xxreflexive

xy & yx ( x = y 
antisymmetric

xy & yz ( xz 
transitive

0x, x0 ( x = 0 

minimum

x1, 1x ( x = 1 

maximum

x y ( x(zyz, xy & wz ( x(wy(z 
addition

xy ( xzyz, xy & wz ( x(wy(z 
multiplication

For distinct atoms a and b:  ab = 0    /ab = a    /b(a = b            atom

Section 0 introduction

Feedback Circuits  Altho feedback circuits use the same kinds of gates as sequential circuits;  they allow intermediate or final outputs to feed back as input to these gates.  One reason feedback circuits are used is because they can perform a boolean computation and then use internal states to store the answer.  These can then be used for the next computation.  The diagrams below can be used to illustrate some of the fundamental ideas for the study of feedback circuits, altho neither circuit has any particular use.  Both circuits have an input c and an output x; and in each x is used as feedback.  One way to think of such a diagram is to consider it at successive times 0,1,2, etc.  The values of c and x at each of these times is called the state of the circuit at that time.  Values of x can be denoted as x(0), x(1), x(2),...; with a similar notation for values of c.  A heavy line into a gate indicates a delay which synchronizes feedback so that only the values of x(t) and c( t) determine x(t+1). Without delays, the time needed for feedback to affect the output is different, and the and it would not be useful to think in terms of discrete states. However while discrete, imagine these delays as measured in microseconds, or some other very small time unit from a human perspective.  Thus the output sequence changes too fast to be noticed by a human observer. 
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Diagram 0a





Diagram 0b

Equations relating x(t+1) to x(t) and input are called state equations.  Looking at the diagram it should be apparent how x(t+1) could be calculated from c an x(t) for each of these circuits.  

(0a)  x(t+1) = /(c( t)x(t)+x(t))

(0b)  x(t+1) = c( t)/x(t)+x(t)

In both circuits, there are 2 feedback loops from x, one going directly to the +gate, the other going to the (gate.  State equation (0a) can be used to show that the output of circuit 0a will alternate rapidly between 0 and 1 in a manner independent of input. Without the delays circuit 0a would be totally unpredictable, and since the delay is very brief it will change too rapidly to be predictable in practice.  On the other hand, if c is 0 and the output of circuit 0b is 0, then  it will retain an output state of 0 until it receives an input of 1 for c.  At any such time the output state will shift to 1 and stay at 1 regardless of further input.  In general, while some feedback circuits fluctuate radically, others can reach a stable state for some or all of its inputs, that is it can reach a state such that x(t+1) = x(t) for all t as long as there is no change in inputs..

Notation  Henceforth we abbreviate by omitting the argument t.  Thus the state equations above can be abbreviated as follows.

(0a)  x(t(1) = /(cx(x)

(0b)  x(t(1) = c/x(x

Ac0a  Use boolean algebra on the state equation for circuit 0a to obtain a simpler equivalent state equation showing that the output does not depend on the input.  Suppose x(0) = 0.  Give x(1), x(2), x(3), x(4),...

Ac0b  Use boolean algebra to obtain simpler equivalent state equations for circuit 0b.  Suppose x(0) = 0, c(0) = 0, c(1) = 0, c(2) = 1, c(3) = 0.  Give x(1), x(2), x(3), x(4), ... 

Re0a  By an absorption property ax(x = x, so (0a) is equivalent to x(t+1) = /x.  Thus for x(0)=0, we have
       x(1) = 1, x(2) = 0, x(3) = 1, x(4) = 0, and in general x(2n) = 0 and x(2n+1) = 1. 

Re0b  x(t+1) = c/x(x = c(x.  x(1) = 0, x(2) = 0, x(3) = 1, x(4) = 1, and in general x(n) = 1 for n>2. 

Stability Equations  To check for stability, we assume x(t+1) = x(t), replace c(t) by c and both x(t+1) and x(t) by x in the state equations.  Roots of the resulting stability equation show for which input the circuit is stable.  The state equation x(t+1) = /x, immediately gives the inconsistent stability equation x = /x.  In general any totally unpredictable feedback circuit will have an inconsistent stability equation.  No such problem occurs for circuit 0b.  Its behavior remains stable, even without the delays.  To see this suppose that c = 0.  The state equation for this circuit then simplifies to x(t+1) = x, and hence feedback cannot change the state of the circuit.  Likewise if c = l the equation for the circuit simplifies to x(t(l) = 1, and thus as soon on an input of 1 occurs the state of the circuit will become 1 and remain that way.  

Ac0d Find all roots of the stability equation x = c(x.

Re0d  Roots of x = x(c are (c, x) ( {01, 00, 11}.

Conditional Stability  This a diagram for the feedback circuit whose state equation is x(t+1) = /x/c.  Solving the stability equation shows that this circuit is stable for one input condition and unstable for 

another.  The equation x = /x/c, has root (c, x) = 10.  Thus for an input of 1 the circuit stabilizes at x = 0.  Letting c = 0 gives x = /x.   Thus for an input of 0 the circuit is unstable.                                   

















/




/c

(














x











Ac0c  Draw the diagram and give the state equation for a feedback circuit with one input a which is stable for input 0 and unstable for input 1. 

Remark  The rest of this unit illustrates some ways in which feedback circuits could be useful.  

Re0c  We could use the feedback circuit whose state equation is x(t+1) = /xc. 
The equation x = /xc, has root (c, x) = 00.  Thus for an input of 0 the circuit stabilizes at x = 0.  Letting c = 1 gives x = /x.   Thus for an input of 1 the circuit is unstable.                                   
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Another possibility is the circuit with state equation x(t+1) = /x+/c. 
The equation x = /x(/c, has root (c, x) = 01.  Thus for an input of 0 the circuit stabilizes at x = 1.  Letting c = 1 gives x = /x.   Thus for an input of 1 the circuit is unstable.                                   
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Section 1  applications

Circuit 1  The Standard RS flip-flop  A microcomputer register is composed of single bit storage elements called flip-flops.  The essential feature of a flip-flop is to remain in a steady state as long as it does not receive a change in input.  The standard RS flip-flop has 2 input variables r for reset and s for set.  Reset means to make the state 0, while set means to make the state 1.  The usual input of r = 0 and s = 0 give x(t+1) = x, regardless of whether x is 0 or 1.  A signal of r = 1 and s = 0 resets x(t+1) to 0 whether x is 0 or 1.  Likewise a signal of s = 1 and r =0 sets x(t+1) to 1 regardless of the value of x. 

After a signal to set or reset stabilizes, the next input again becomes
r = 0 and s = 0. For an input of r = 1 and s = 1 the circuit is unstable, giving x(t(1) = /x., so this input pair is never allowed to occur. 
This can be summarized in the table.
r
0 0 0 0 1 1 1 1


s
0 0 1 1 0 0 1 1


x
0 1 0 1 0 1 0 1


x(t(1)
0 1 1 1 0 0 1 0

Using the standard basis terms and boolean algebra we have:

x(t+1) =  /r/sx(/rs/x(/rsx(rs/x 
        =  (/rsx(/r/sx)((/rs/x(rs/x) = /rx(s/x

This diagram shows this way to create a feedback circuit acting as an RS flip-flop.
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 x(t(1) = /xs(/rx
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Ac1a  Find the 4 roots (r, s, x) of the stability equation x =  s/x+/rx.  Show that the state equation has no root with r = 1 and s = 1 by substituting these values into the stability equation. 

Remark  There are 3 more ways we could have designed a flip-flop that would behave like an RS flip-flop, except for the input (r, s) = 11.  They are all stable for input 11, and while this might seem desirable, recall that an input of 11 is inconsistent and would occur only with a malfunction. There are more complicated flip-flops which are stable all inputs and for which all inputs are consistent. 

Ac1b The first alternative RS flip-flop below has the state equation: x(t+1) =  /r/sx(/rs/x(/rsx = /rx(/rs.
The stability equation: x = /rx(/rs has the same roots {000, 001, 100, 011} as those for a RS flip-flop, along with an additional root 110.   Thus unlike the standard RS flip-flop this one would be stable for an input of (r, s) = 11.   Give a similar analysis for the other 2 alternatives.
r
s
x
0 0 0 0 1 1 1 1
0 0 1 1 0 0 1 1
0 1 0 1 0 1 0 1

r
s
x
0 0 0 0 1 1 1 1
0 0 1 1 0 0 1 1
0 1 0 1 0 1 0 1

r
s
x
0 0 0 0 1 1 1 1
0 0 1 1 0 0 1 1
0 1 0 1 0 1 0 1

x(t(1)
0 1 1 1 0 0 0 0

x(t(1)
0 1 1 1 0 0 0 1

x(t(1)
0 1 1 1 0 0 1 1

Re1a  Roots of the stability equation are (r, s, x) ( {000, 001, 100, 011}.  Note these can be found by looking at the columns for which x(t(1) = x.  With r = 1 and s = 1 the stability equation  becomes x = /x.  Thus this circuit behaves as described, as long as no input pair (r, s) = 11 is allowed.  

Re1b   The state equation for the second table is :x(t+1) =  /r/sx(/rs/x(/rsx(rsx = /rx(/rs(sx.  The stability equation: 
x = /rx(/rs(sx  has the same root {000, 001, 100, 011} as the RS flip-flop along with 110 and 111

The state equation for the third table is :x(t+1) =  /r/sx(/rs/x(/rsx(rs/x(rsx = /rx(s  The stability equation: x = /rx(s has the same root {000, 001, 100, 011} as the RS flip-flop along with  111

Parity  There are 256 possible 8 bit bytes.  Half of these have an even numbers of ones, and these are said to have parity 0.  The other half are said to have parity 1.  Whenever 128 bytes is sufficient to code a  character sets used in data transmission, it is possible to use a code whose bytes all have parity 0.  A feedback circuit which indicates the parity of the byte received could be used to catch any one bit error in the transmission of 8 bit bytes, since such a byte would have a parity of 1.  A feedback circuit for this purpose needs an input a to signal when a bit of 1 is being received and a state x indicating whether the number of bits currently received has parity 0 or 1.  The following circuit could be used for such a purpose or to give the parity of any other type of event.  

Circuit 2: Parity Indicators  Suppose events of some type occur in sequence with an irregular time gap between each event.

Our circuit will have an input a.  During this time gap we have a = 0.  When such an event is occurring the value of a = 1.  Our parity indicator will output x = 0 iff the number of such events that has occurred is even.  Thus the internal state at x should not change for successive inputs of the same value, and in fact x should only change when an input of 1 immediately follows an input of 0.  To obtain this effect another internal state w is included, whose value is always the complement of the previous input.  Thus x should change only when w and a are both 1.  



a w x
w(t+1)
x(t+1)



0 0 0

0 0 1

0 1 0

0 1 1

1 0 0

1 0 1

1 1 0

1 1 1
1

1

1

1

0

0

0

0
0

1

0

1

0

1

1

0

Ac2a  Use this table to obtain simple state equations for w and x.

Diagram  By DeMorgan’s Law, the second equation above can changed to x(t+1) = /(aw)x+/xaw.  Using this and w(t+1) = /a gives the following circuit diagram for a parity indicator.  
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 x(t(1) = /(aw)x((aw)/x






























/


(










/


 
w(t(1) = /a
































Stability   Since this circuit has 2 output that feedback into it, to have stability we must have both
 w(t(1) = w and x(t(1) = x.  Thus we have two stability equations: w = /a and x = aw/x+/(aw)x, 
both of which must hold.  From  w = /a, the second equation is equivalent to x = 0/x+/0x, which is equivalent to x = x.   Thus all triples (a, w, x) for which w = /a are roots of the stability equations.  
There are 4 such roots: 010, 011, 100, 101.

Ac2b  Explain how the roots to the stability equation can be obtained directly from the table. 

Re2a  w(t+1) = /a     x(t+1) =  /ax+/wx+/xaw

Re2b   In the row 010 we have output 10,  which means that we have both  w(t(1) = w and x(t(1) = x.  Thus 010 is a root of the stability equations.  A similar remark applies to 3 other rows.
Circuit 3 Incrementors With Storage  A parity counter is essentially a (mod 2) incrementor which stores its answer as an internal state.  The idea used for a parity indicator can be extended to produce other incrementors with storage.  This example illustrates a (mod 4) incrementor with storage.  Again suppose events of some type occur in sequence with an irregular time gap between each event.  

Our circuit will have an input a.  During this time gap we have a = 0.  When such an event is occurring the value of a = 1.  Our parity indicator will output pairs (x, y) to count (mod 4) the number of events, with the high and low bit of the (mod 4) result coded by x and y respectively.  The internal states at (x, y) should not change for successive inputs of the same value, and in fact should only change when an input of a = 1 immediately follows an input of a = 0.  To obtain this effect another internal state w is included, whose value is always the complement of the previous input. The usual input for a is 0, in which case x and y retain their previous values and w is set to 1.  An input of a = 1 when w = 1 increments the numbers represented by x and y and also resets w to 0.  An input of a =1 when w = 0 leaves all states as they are.

This is short for the first 8 rows, i.e. where a is 0                      (
This is short for the next 4 rows, i.e. where a is 0 and w is 1    (
The state equation for w is obviously w(t+1) = /a.  To obtain a state equation for x note that for a = 0 or w =0,  y(t(1) = y.  This gives the terms of /ax(/wx.  However for (a, w) = 11 we have x(t+1) = /xy+x/y.  This gives the terms aw/xy(awx/y.
a w x y
w(t+1)
x(t+1)
y(t+1)


0 w x y
1
x
y


1 0  x y
0
x
y


1 1 0 0

1 1 0 1

1 1 1 0

1 1 1 1
0

0

0

0
0

1

1

0
1

0

1

0

Thus x(t+1) =  /ax(/wx(aw/xy(awx/y which using boolean algebra simplifies to  /ax(/wx(aw/xy(x/y

The equation for x is obtained in a similar manner y(t+1) =   /ay(/wy(aw/y.  

Note  Since /a(/w = /(aw) we write this as y(t(1) =  /(aw)y((aw)/y, so this is the same circuit as the one used for x in the previous example.  

Another way to quickly obtain the state equations is to write these tables for x and y in Karnaugh form.

This is described as an optional topic in Unit RBF “Representing Boolean Functions”


a



a




x
0  0  1  1
y

x
0  0  1  1
y



0

0

1

1
0  0  0  0

0  0  1  0

1  1  0  1

1  1  1  1
0

1

1

0

0

0

1

1
0  0  1  0

1  1  0  1

1  1  0  1

0  0  1  0
0

1

1

0




0  1  1  0



0  1  1  0





w



w


Remark  Although an incrementor with storage has greater input count than one without, it does not need additional external circuits to channel inputs coding the number to be incremented.  It only needs a single input to say when it should increment the number currently stored.

Ac3  Write the 3 stability equations for circuit 3, and show that the second and third can be derived from the first.  Discuss stability.

Re3  Stability equations:  w = /a,  y = /ay+/wy+/yaw,  x = /ax+/wx+/xawy+/yawx

Suppose w = /a.   Thus /ay+/wy+/yaw = /ay+//ay+/ya/a so the sability equation foy y is equivalent to y = y

Likewise /ax+/wx+/xawy+/yawx = /ax+//ax+/xa/ay+/ya/ax so the stability equation for x is equivalent to x = x           

The roots (a,w,x,y) are all those of the form (0,1,x,y) or (1,0,x,y), so the circuit is stable for both a = 0 and a = 1.

Section 2  Roots To a Boolean Equation

Perspective  The roots for a bit equation can always be found by looking at the tables for the expressions on each side of the equation and observing where these expressions take the same value.  In most cases this may be the fastest way to find such roots, especially when the tables are already present as was the case for the stability equations in the previous section.  However roots can also be found algebraically, and I illustrate some strategies using equations we have already solved.  I present these strategies primarily because I find the ideas interesting in the way they relate to the algebraic structure.   

Example 1  The stability equation x = /xs(/rx can be transformed to an equivalent equations, the last of which easily gives the 4 roots for (r, s, x), namely {001, 010, 000, 100}  

x = s/x+/rx

x(s/x+/rx)+/(x+s/x(/rx) = 1
transformation law

/rx+/(x(s/x) = 1


DeMorgan   note: /(x+s/x) = /x(/s(x) = /s/x

/rx+/s/x = 1


absorption, complement

/r/sx(/rsx(/r/s/x(r/s/x

expand to standard basis form. 

The last step is not really needed.  We can read the roots from the preceding step as 021( 200.  Recall that 021 is  brief for {001,011} and 200 is brief for {000, 100}.   
Strategy  The key step is to note that in general, a boolean equation of the form ‘a = b’ can be transformed into an equation of the form ab(/a/b = 1.  Then using boolean equality laws, the left side can be changed into a normal polynomial form.  Each term can then be used to yield one or more the roots of the equation.  Just consider how to make the term take a value of 1.  

Using the Ring Sum  Roots to bit equations can also be found with less work using ring algebra.  Let ( denote the ring sum.  The lattice sum a(b is equivalent to a(b(ab.  Thus the equation x = /xs(/rx can also be written and solved as indicated below.  As with the lattice sum this final step can be use to find one or more roots for each term.

x = s/x(/rx

(noting that s/x/rx = 0)

1 = /x(s/x(/rx

add /x, /x(x = 1

1 = /s/x(/rx

distributive, identity, 1(s = /s 

Remark   In ordinary algebra we often solve equation by adding the same thing to both sides.  Using the ring sum this gives an equivalent equation.  Below use this idea to try to solve for x in terms of r and s, obtaining an equation of the form ax = b.  This is equivalent to (a= 0 & b=0) or (a = 1 & x = b).   The first alternative in the last step gives the roots 002.  The other alternative gives {011, 100}

x = s/x(/rx

x = s(sx(x(rx 



using /a = 1(a

(s(r)x = s




add x(sx(rx to both sides

(s(r = 0 & s = 0) or (s(r = 1 & x = s)
using ax = b ( (a= 0 & b=0) or (a = 1 & x = b)

s = r = 0 or x = s = /r

Ac1a  Using boolean algebra the stability equation for an RS was transformed to the equation 1 = /rx+/x/s.  Use this to derive rs = 0 for the RS flip-flop.  Note this also shows there is no root with r = 1 and s = 1.  

Re1a  1 = /rx+/x/s,

rs = rs(/rx+/x/s)

rs = 0

Remark  One major difference in working with ring sum equations and lattice sum equations is that adding the same thing to both sides of a ring equation gives an equivalent equation.  This is seldom the case when using the lattice sum to add the same thing to both sides of an equation.  What we get is ma equation which is implied by the earlier equation but usually is not equivalent. For example adding /x to both sides of x = s/x+/rx gives 1 = /x+/rx.   This equation has 6 roots:  220 ( 021, and is clearly not equivalent to the original equation.  What we do know from this is that the roots of the original equation are a subset of these roots.     We could also multiply both sides by /x to give 0 = s/x which is equivalent to x(/s = 0.  Thus the roots of the original equation are also a subset of 221 ( 202.  The intersection of the set 220 ( 021and 221 ( 202 actually gives the roots of the original equation.  This is because while neither adding the same thing nor multiplying than equation by the same thing gives an equivalent equation, doing both gives an pair of equations whose conjunction is equivalent to the original one.

Combined Transformation Law:  a = b ( (a(c = b(c & ac = bc) 

Ac1b  The ( part of the above law is trivial.  Derive the converse part. 

Example 2  The first alternative to the RS flip-flop had the stability equation: x = /rx(/rs, and we also found its root {000, 001, 100, 011, 110} by substitution.  

x = /rx(/rs

x(/rx+/rs)+/(x+/rs) = 1

transformation law

/rx+/rsx(/x(r+/s) = 1

complement, DeMorgan  

/rx(/s/x(r/x = 1


absorption, distribute

/r/sx(/rsx(/r/s/x(r/s/x(rs/x
expand to standard basis t

Remark  As before, we could stop at the next to the last equation which gives the roots:  021( 200 ( 120.
It might appear that gives 6 roots. However 200 and 120 both include 100, so 200 ( 100 only has the 3 elements..

Example 2 (continued)  We can also use the ring sum to find these roots, but note the in changing to a ring sum we have an extra term.  Also to solve the equation this way, we must aim for terms that are disjoint.  This may not be easy unless one must is somewhat proficient in manipulating ring expressions. 

x = /rx(/rs(/rsx = /rx(/rs/x

1 = /rx(/rs/x(/x = /rx((/rs(1)/x

1 = /rx (rs/x(/s/x



using /rs(1 = rs(s(1= rs(/s

This gives the roots as 021, 110, 200, which can be expanded to the same 5 roots as 021, 200, 120.   

The roots can also be found by solving for x

x = /rx(/rsx(/rs

(r(/rs)x = /rs

(r = 0 & s = 0) or (x = /rs & /r = /rs)

(r = 0 & s = 0) or (r = 1 & x = 0) or (r = 0 & s = 1 & x = 1)

This gives the roots as 002, 120, 011.   You can check that these are the same 5 roots.

Re1b  Starting with a(c = b(c & ac = bc, multiple both sides by a to obtain a = ab(ac.  Likewise multiply both sides by b to obtain ab(bc = b.  Use these with ac = bc to obtain a = b.

Remark  In using ring algebra to find roots we want to obtain a normal polynomial with disjoint terms. i.e. terms whose pair-wise products are all zero.   The ring law that can be use for this purpose is: 

Disjoint Sum Law: a(b = a/b(/ab,

This can be derived as follows  a(b = a(ab(ab(b = a(1(b)((1(a)b =a/b(/ab.

Ac2a  Earlier we found the 5 roots for the equation x = /rx(s.  Find these roots by at least one other method.

Ac2b  We gave 6 roots for the equation x = /rx(/rs(sx.  Find these roots by at least one other method.

Example 3   Circuit 3 in the preceding section had the stability equation y = /ay(/wy(aw/y. This equation is easy to solve using the form y =  /(aw)y( (aw)/y, which by the disjoint sum law transforms to the  equation y = aw(y.  This is equivalent to aw = 0, which has root 002 ( 012 ( 102.  For that circuit we also had w = /y, giving root that satisfy both equations as 012(102.

The solution using y = /ay+/wy+aw/y seems more tedious.   If we use the lattice sum method, we have:

1 =/ay(/wy(/(y(aw/y)

1 = /ay(/wy(/y(/a(/w(y)

1 = /ay(/wy(/a/y(/w/y

1 = /a(/w

If we use the ring sum, we must first transform y = /ay+/wy+aw/y to the ring sum equation.   Since the lattice sum has three terms, we use a(b(c = a(b(c(ab(ac(ab(abc, noting that in all the product terms except (/ay)(/wy) are 0. 

y = /ay(/wy(aw/y(/a/wy

y = y(ay(y(wy(aw(awy(awy(ay(wy(y

aw = 0   

Ac3  Circuit 3 also had the equation x = /(aw)x+aw(/xy+x/y).  This can be written as a ring equation  namely:  x = /(aw)x((aw)(x(y.  Find the roots to this equation.

Re 2a
Lattice Sum Method
Ring Sum Normal Method
Ring Sum Solve for x


x = /rx(s

1 = /rx(sx(/ (x(s)

1 = /rx(sx(/s/x

021 ( 211 ( 200
x = /rx(s(/rsx = s(/r/sx

1 =  /x(s(/r/sx

1 = sx(/s/x(/r/sx

211 ( 200 ( 001
x = /rx(s(/rsx = s(/r/sx

(1(/r/s)x = s

(r = s = 0) or (/r/s = 0 & x = s)

{000, 001, 011, 100, 111} 

Re 2b
Lattice Sum Method
Ring Sum Normal Method
Ring Sum Solve for x


x = /rx(/rs(sx

1 = /rx(sx(/(x(/rs)

1 = /rx(sx(r/x(/s/x

021 ( 211 ( 120 ( 200
x = x(r/sx(/rs/x

1 = (1(r/s)x((1(/rs)/x  

1 = (/r/s(/rs(rs)x((/r/s(r/s(rs)/x

{001, 011, 111, 000, 100, 110}
x = x(r/sx(/rs/x

(r(s)x = /rs  

r = s or (r = /s & x = s) 

002 ( 112 ( 011 ( 100

Re3   x = x( awx(awx(awy,  so awy = 0.   Thus the roots are 0222 ( 2022 ( 2202.

Example 4  Here I just make up an eqution having nothing to do withany stability equation:

vy(/uxy(u/vx/y = /vy(/v/x(vx/y(/uv/y

Instead of directly manipulating this equation, suppose we consider 2 cases v = 0 or v = 1.

Lattice Sum Method

Ring Sum Method

v = 0
v = 1

v=0
v= 1

/uxy(ux/y = y(/x

/uxy(/(y(/x(ux/y) = 1

/uxy(/yx(/u(/x(y) = 1

/uxy(/ux/y = 1

/ux = 1

0012
y = x/y(/u/y

/(y(x/y(/u/y) = 1

/y(/x(y)(u(y) = 1

u/x/y = 1

1100



/uxy ( ux/y = /x ( xy

uxy ( ux/y ( x = 1

ux ( x = 1

/u x = 1

0012
y = x/y ( /u/y ( /ux/y

y = ux/y ( /u/y 

ux/y ( /u/y ( /y = 1

ux/y  ( u/y = 1

u/x/y = 1

1100

Without using cases the lattice sum method seems like it would be extremely tedious.  The Ring sum method is also tedious, but I found it manageble.  As a first step I transform this equation into a ring sum equation.   I insert extra parentheses to help focus on how I am looking at some of the terms.  It seemed convenient to think of the right side as /v(y(x)(v/y(x(/u).

vy ( /uxy ( /uvxy ( u/vx/y = /v(y ( /x ( /xy) ( v/y(x ( /u ( /ux) 

vy ( (/u/vxy ( u/vx/y) = /v(/x ( xy) ( v/y(/u ( ux)     Note: /uxy(/uvxy =  /u/vxy, y(/xy = xy, x(/ux = ux
vy ( (u/vx ( /vxy) ( ( /v/x ( /vxy) ( (/uv/y ( uvx/y) = 1  Note /uy(u/y = u(y

vy ( u/vx  (  /v/x ( (v/y ( uv/y) ( uvx/y = 1

v ( (uvx ( ux) ( /v/x ( uv/y ( uvx/y)

v( ux (  (vx ( v ( x( 1) ( uvx ( uvx/y = 1

(ux ( vx ( x( 1) ( (uvx ( uvx/y) = 1

/u/vx  (  uv/x/y = 1

This give three roots:  0012 ( 1100.

These root can also be found using Karnaugh tables.  The first two tables below are for the left and right side of the equation.  The third table has a 1 for each position in which the other tables take the same value.   It is a table for the expression  /u/vx(uv/x/y which iindicates the roots 0012 ( 1100.  In fact I statred with these tables in order to make up an equation that I knew would have these roots.

vy(/uxy(u/vx/y

      /vy(/v/x(vx/y(/uv/y


y



y



y


v
0  0  1  1
u

v
0  0  1  1
u

v
0  0  1  1
u

0

0

1

1
0  0  1  0

0  1  0  0

0  0  1  1

0  0  1  1
0

1

1

0

0

0

1

1
1  0  1  1

1  0  1  1

0  1  0  0

1  1  0  0
0

1

1

0

0

0

1

1
0  1  1  0

0  0  0  0

1  0  0  0

0  0  0  0
0

1

1

0


0  1  1  0



0  1  1  0



0  1  1  0



x



x



x


