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Boolean Lattice Laws
x(y = y(x


xy = y(x


commutative

(x(y)z = x(y(z)

(xy)z = x(y(z)

associative

1x = x      x1 = x

0x = x     x0 = x 

identity

x(y(z) = (x(y)(x(z)

x(y(z) = (xy)(xz)
distributive

0x = 0x0 = 0

1x = 1x1 = 1 

annihilator

x(x(y) = x
 

x(xy) = x


absorption

x(x = x 


x(x = x


idempotent

x/x = 0    /x(x = 0 

x/x = 1    /x(x = 1 

complement

(x(y)(x/y) = x

(xy)(x/y) = x 

Reduction

/(x(y) = /x/y


/(xy) = /x/y
 

DeMorgan

/(/x/y) = xy


/(/x/y) = x(y

//x = x







double complement

x = y  x/y/xy = 0 x = y  xy(/x/y = 1

equality transform

xy = 1  x = 1 & y = 1xy = 0  x = 0 & y = 0
operation transform

xy = x  y(x = yx = /y  xy = 1 & xy = 0

xxreflexive

xy & yx ( x = y 
antisymmetric

xy & yz ( xz 
transitive

0x, x0 ( x = 0 

minimum

x1, 1x ( x = 1 

maximum

x y ( x(zyz, xy & wz ( x(wy(z 
addition

xy ( xzyz, xy & wz ( x(wy(z 
multiplication

For distinct atoms a and b:  ab = 0    /ab = a    /b(a = b            atom

SECTION 1  BIT FUNCTIONS  

General Perspective  A bit function is a function whose inputs and output come from {0, 1}.  There are 16 possible bit functions of two variable, and they can be described by the tables below.  Since each such function can has 4 outputs, we can code each function table as a bit string from BIT4.  For example, the first function below can be coded as 0000, the second one as 1000, the third ae0100, etc.  The only difference between describing a function by a bit string rather than by a table is that the inputs are implicit in the order of the bits.  Each of these function can be represented by an expression involving the 3 boolean lattice operations for bit.  For example, the function 0001 can be represented by the expression ab, while the function the function 1110 can be represented by the expression /(ab).  By a de Morgan law it can also be represented by /a/b.  Since there are 8 input triples from bit, a function of 3 variables will have a table with 8 outputs, and can thus be described by an element of BIT8.  There are 256 such functions, so it would be tedious to list them.  This can be generalized to BIT functions of any finite number of variables. 
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Boolean Polynomials  This unit focuses on boolean polynomials.  A polynomial contain no parentheses when abbreviated by the usual algebraic conventions for order of operation.  Boolean algebra can be used to transform any boolean expression into an equivalent polynomial (see Pr1).  The focus of this unit is on finding boolean polynomials for representing bit functions.  Any bit function can be represented by a variety of boolean expressions.  These can be obtained by starting with any expression for the function and using boolean algebra to obtain other boolean expressions for this function.  For various reasons we may want to select from these alternatives one which has been reduced to be as simple as possible. 

Goal 1  Given a table for a BIT function of any number of inputs, describe an easy way to find a boolean polynomial representing this function.

Goal 2  Given a table for a BIT function of any number of inputs, describe a method for finding a reduced boolean polynomial representing this function. 

Applications  There are a variety of tasks that can be described using bit functions.  However the algebra of these functions is independent of any of their applications, and this unit focuses on the algebra without the distraction of applications.  Anyone who wants to see applications before or while studying the algebra can start with Section 1 of Unit DCC and refer back to this present unit for information about terminology and algebraic techniques.  Even if you prefer to study pure algebra, you may find it helpful to read the traffic light situation before starting with the algebra.

Classification Of Boolean Expressions  In ordinary algebra, expressions are classified by their form.  For example, the expressions x²3x2 and (x1)(x2) both represent the same function, however the first of these is in normal polynomial form, while second is in factored form.  Much of the terminology used in ordinary algebra is carried over to boolean algebra, and we will shortly define this terminology in a precise manner.  As a prelude we illustrate this terminology by discussing the form of several examples of boolean expressions.  See if you can abstract the meaning at least well enough to apply it to some similar examples, such as those given in Ac1.  If not, skip ahead to the next page, and then return to the examples and activities.

Example 1a  The boolean expression a/b/a(abc is a normal polynomial.  It is composed of 3 normal terms.  Its first term is a/b.  This is a degree 2 term with the 2 factors [a, /b].  Its second term is /a.  This term has degree 1.  Its third term abc is a degree 3 term with the 3 factors [a, b, c].  The degree of the polynomial is 3.  Its input count is 3(203) = 8.  This is computed by adding the number of terms to the number of factors in each of the terms.  However for the gate building reasons indicated in Unit BBC,  a term of degree 1 is classified as having 0 factors when computing the input count. 

Example 1b  The boolean expression ab is also a normal polynomial. It has a single normal term ab with the 2 factors {a, b}.  This term has degree 2, as does the polynomial.  Its input count is 2.  Note that when there is only 1 term we do not count it as contributing to the input count.

Example 1c  The boolean expression b is a normal polynomial consisting of a single term b.  This term has degree 1.  The boolean expression /b is also a normal polynomial consisting of a single term /b, which has degree 1.  The input count for each of these polynomials is 0.

Example 1d  The boolean expression aa(cab/c(bd(/b/d(c is polynomial with 5 terms.  It has degree 4.  It has an input count of 15.  It is not in normal form because some of its terms are not normal.  The term aa is not a normal term because it has the related factors [a, a].  The second term cab/c is not normal because it has related factors [c, /c].  The other 3 terms are normal. 

Example 1e  The polynomial aacab/cbd/b/dc is equal abd/b/dc.  This is a simpler polynomial because it has input count 8.  It is a normal polynomial with 4 terms.  Its degree is 2. 

Example 1f  The boolean expression /(ab) is not a polynomial.  It is the complement of a degree 1 polynomial which has 2 terms.   However /(ab) is equal to /a/b and /a/b is a normal polynomial.  It has a single normal term /a/b with the two factors /a and /b.  This term has degree 2, as does the polynomial.  Its input count is 2.

Example 1g  The boolean expression a(abcd) is not a polynomial.  It is the product of the simple expression a and the degree 2 polynomial b(c which has the 2 simple terms [ab, cd].   However a(abcd) is equal to the polynomial ab(acd, and this polynomial is a degree 3 polynomial with 2 terms. 

Example 1h  The boolean expression (abc)(/abc) is not a polynomial.  It is the product of the degree 2 polynomial [abc, /abc].   However (abc)(/abc) is equal to the polynomial bc this polynomial is a degree 2 polynomial with 1 term. 

Example 1i  The boolean expression /(a/abc) is not a polynomial.  It is the complement of a degree 3 polynomial which has 2 terms.   Using De Morgan twice and the distributive law /(a/abc) is equal to /a/b/a/c which is a normal degree 2 polynomial with 2 terms.

Ac1a  Discuss the form of the boolean expression ab(/ac(b/c 

Ac1b  Discuss the form of the boolean expression ab(/ac(b/b 

Ac1c  Find a normal polynomial of degree 2, with 2 terms and input count 6, and which is equal to ab/acb/b.  

Ac1d  Show in detail that /(a/abc) = /a/b(/a/c
Re1a  ab/acb/c is a normal polynomial of degree 2, with of 3 terms and input count 9.  Each term is a normal term of
degree 2.  Its first term has factors a and b.  Its second term has factors /a and c.  It third term has factors b and /c.  

Re1b  ab/acb/b is a degree 2 polynomial, 3 terms, input count 9.  Not in normal form because its third term is not normal. 

Re1c   ab/ac

Re1d  /(a/abc) = /a/(/abc) = /a(a(/b(/c) = /aa(/ab(/a/c = /a/b(/a/c
Description of The Terminology  I now give a description of the terminology illustrated in these examples and activities. 

Related Expressions  A pair of boolean expressions is said to be independent if they have no variables in common.  Otherwise they are said to be related.

Simple Expressions  A boolean expression is simple if it is a variable or if it is the complement of a variable.  The degree of a simple expression is 1.  It input count is 0.

Normal Terms  A boolean expression is a term if it is simple or if it is a product factors which are all simple.  A term is normal if it is simple or if its simple factors are independent and written in alphabetical order.  For a term with factors, the number of factors in the term is its degree and its input count. 

Polynomials  A boolean expression is called a polynomial if it is a single term or if it is the sum of 2 or more terms.  A polynomial is normal if each of its terms are normal and none of its terms can be combined by the idempotent or the complement laws.  A polynomial’s degree is the largest degree of its terms.  For a polynomial with more than one term, its input count is the number of terms plus the sum of the input counts of its terms. 

Reduced Polynomials  A polynomial representation of a function is reduced if no other polynomial representation of this function has a smaller input count. 

Atomic Basis Terms for Functions with 2 inputs   Exactly 4 of the bit functions involving
2 variables have tables containing a single 1, with the other entries being 0. 
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BIT4 Descriptions
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f0 as 1000

f1 as 0100

f2 as 0010

f3 as 0001

The set consisting of these functions is called the atomic basis for functions with 2 inputs. The are called atomic because each of these functions can be described by an atom from BIT4.  The set {f0, f1, f2, f3} is called a basis because each other non-zero function with 2 inputs can be built as a sum of 2 or more of these function.  For example, consider the function which we could describe as 1110, that is the function whose first three table entries are 1 and whose last entry is 0.  This function can be built as f0f1f2.  In general, to represent a function of 2 variables this way simply see how its BIT4 code is the lattice sum of BIT 4 atoms.  

In order to represent a function as a normal polynomial we need merely see how to represent each of {f0, f1, f2, f3} as a single term.  he function f3 can be represented by the normal term ab.  This has an input count of 2.  Clearly ab cannot be reduced to a simple expression, so this is a reduced representation of f3.  Now consider f0.  We want an input of (0, 0)  to be the only pair giving an output of 1.  The only way a product can give 1 is when both factors are 1.  The  simple expression /a is 1 when a is 0, and the simple expression /b is one when b is 0.  Thus  /a/b is 1 iff a is 0 and b is 0, and can thus be used to represent f0.  Similar analysis gives f1(a, b) = /ab, f2(a, b) = a/b.  Each of the representations for the atomic basis functions has input count 2 and is reduced. 

Ac2a  Explain in detail why we can use /ab to represent f1.  

Re2a  The only way a product can give 1 is when both factors are 1.  The  simple expression /a is 1 when a is 0.  Thus  /ab is 1 iff a is 0 and b is 1, and can thus be used to represent f1.
Ac2a  Earlier we wrote the 16 tables for functions of 2 boolean variable.  Of these, 2 can be represented by the constants 0 and 1, and 4 by the simple expressions a, /a, b, /b.  This leaves 10 functions of essentially 2 variables.  Write these tables, and label each with a reduced polynomial representation.  For example, the 4 are atomic basic functions which can each be represented by a single term with 2 factors.  Of the 6 remaining tables, 2 have an output of 1 for exactly 2 input pairs and 4 tables have an output of 1 for exactly 3 input pairs.  First represent each of these 6 functions as a sum of either 2 or 3 atomic basis terms.  Which of these are already reduced?  For those that are not reduced, use boolean algebra to find a reduced representation.  

Hint  The main strategy used to reduce atomic basis polynomials is illustrated below.  First look for reducible pairs of terms, that is a pair that differs in exactly one factor.  Thus in /aba/bab, /abab is a reducible pair.  By the reduction law the sum of this pair reduces to b, giving ba/b.  Likewise, the pair a/b(ab will reduce to a.  To be able to make both reductions we use the idempotent law to replace ab by ab(ab, thus having a copy of ab for each reduction.  This allows us to reduce /aba/bab to ab.  We could also have reduced it to b(a.  It can be shown that any normal polynomial with input count 2 is reduced so both a(b and b(a are reduced polynomial which are equal to the one we started with.  For a proof any see Ex1. 

/ab(a/b(ab = /ab(a/b(ab(ab         
idemp, assoc

= (ab(a/b)(/ab(ab)     
comm, assoc

= a(b



reduct

Observation  The number of terms in the atomic basis polynomial for a function is the same as the
number of 1 outputs for the function.  Each such function corresponds to exactly one of the 16 subsets
of {/a/b, /ab, a/b, ab}.  It can be shown by boolean algebra that 1 is the sum of all 4 atomic basis term.
By default we consider 0 as corresponding to the empty subset. 

Ac2b  For most functions with 2 inputs it is easy to find a reduced polynomial without using boolean algebra.  Looking at the table 0111, we immediately see that this can be represented by a(b.  Using the atomic basis method illustrates a method that works in general.  Apply this method to the 4 functions having the reduced representations a, /a, b, /b. 

Re2a  These are the tables and 
the reduced polynomial.
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1001 can be represented by ab/a/b, which is already reduced

0110 can be represented by a/b/ab, which is already reduced

0111 can be represented by /aba/bab = /aba/babab = ab

1011 can be represented by /a/ba/bab = /a/ba/ba/bab = a/b

1101 can be represented by /a/b/abab = /a/b/ab/abab = /ab

1110 can be represented by /a/b/aba/b = /a/b/a/ba/b/ab = /a/b

Re2b  a/bab = a,  /abab = b,  /a/b/ab = /a,  /a/ba/b = /b 
Functions with 3 Inputs  There are 256 bit functions involving 3 variables.  Exactly 8 of these have tables containing a single 1.  As with functions of 2 variable there is a direct method for representing any other function with 3 inputs can as a sum of 2 or more of these atomic basis functions.

Ac3a  The atomic basis function f0 can
be represented by /a/b/c.  Represent
each other atomic basis function by
a term with 3 simple factors. 
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Reduction Method  To reduce a atomic basis polynomial, look for reducible pairs and use the
idempotent law to introduce any extra copies.   For example, in the polynomial a/b/c(a/bc(ab/c, 
the pair (a/b)/c(a/b)c reduces to a/b the pair (a/c)/b(a/c)b reduces to a/c.  Thus this polynomial
reduces to a/b(a/c. 

a/b/c(a/bc(ab/c = a/b/c(a/b/c(a/bc(ab/c = a/b(a/c,  See Ex2 for details

Ac3b  Write the atomic basis representations for the functions below.  Use boolean algebra to find reduced polynomial representations. 
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Reduced Polynomials  Since a simple polynomial has input count 0, any simple polynomial is reduced.  There are no polynomial with input count 1, and a normal polynomial with input count 2 cannot be reduced to a simple polynomial, so any normal polynomial with input count 2 is reduced.  Ex1 indicates how to show ab(/a/b and a/b/ab are both reduced.  Thus the polynomials given in Re2 for the functions of 2 variables are reduced polynomials.  For polynomials with more variables it is not always easy to tell when a polynomial is reduced, however we shall show in Section 2 that an atomic basis polynomial will be a reduced polynomial if it contains no reducible pairs.  This criteria does not apply to all other

Re3a  /a/bc, /ab/c, /abc, a/b/c, a/bc, ab/c, abc. 

Re3a   g1: /a/b/c/a/bc/ab/c = (/a/b)/c(/a/b)c(/a/c)/b(/a/c)b = /a/b/a/c  
           g2: /a/b/ca/b/ca/bc = (/b/c)/a(/b/c)a(a/b)/c(a/b)c = a/b/b/c 
           g3: /a/bca/b/cab/c = /a/bc(a/c)/b(a/c)b = a/c/a/bc 
           g4: /a/bca/b/cabc which is already reduced 
           g5: /a/bc/abcab/cabc = (/ac)/b(/ac)b(ab)/c(ab)c = ab/ac 

Note  For g5 there are 3 reducible pairs /a/bc/abc, ab/cabc, /abcabc.  We only used the first 2 of these.  Introduce extra of /abc and abc would have resulted in the polynomial abbc/ac.  Since this has a larger input count, it is not reduced.  In general, when reducing an atomic basis polynomial, only introduce only extra copies of terms when needed to reduce a term that cannot be reduced in another way. 

polynomials.  For example, the polynomial a/abc does not contain any reducible pairs, however it is not reduced.  To see this we can use boolean algebra to expand the first term, giving the atomic basis polynomial abc(ab/c(a/bc(a/b/c/abc.  Using the idempotent law, to introduce an extra copy of abc, we see that a/abc can be reduced to a(bc.  See Ex6 for more examples. 

a/abc = (abc(ab/c(a/bc(a/b/c)(/abc(abc) = a(bc.

Functions with More Inputs  The concept of atomic basis functions can be extended to any number of variables.  Each such function can be represented by a normal polynomial with a single term involving all the variable or their complements.  There are over 64000 BIT functions involving 4 variables.  The basis terms representing these functions are: 

/a/b/c/d for the function which is 1 for input 0000, 
/a/b/cd  for the function which is 1 for input 0001, 
/a/bc/d  for the function which is 1 for input 0010,       etc.   

Any other function f can be represented as the sum of some subset of atomic basis terms, by choosing a term for each entry of 1 in its table.  Boolean algebra can be applied to this representation to obtain a reduced polynomial representation for f.  The atomic basis polynomial below has 3 reducible pairs, so we do not need to use the idempotent law to introduce extra copies.  Furthermore, the terms are written in an order in which reducible pairs are adjacent.  To focus on this we number the pairs and the terms that results from reducing them. 

/a/b/cd  /a/bcd  ab/c/d  a/b/c/d  abc/d  abcd = abc  a/c/d  /a/bd

      1           1            2             2            3          3         3         2          1

The polynomial below also has 3 reducible pairs.  We could use the idempotent law to introduce expand this to 6 terms, but we can also just use label to imagine them. 

/ab/c/d  a/b/c/d  abc/d  ab/c/d  =  ab/d  a/c/d  b/c/d 

     1            2             3       1 2 3           3         2          1

The above examples illustrate how the same strategy for reducing an atomic basis polynomial can be used for a function of 4 variables.  For a polynomial with more terms this can be tedious.  However there are methods that provide an efficient way to do the algebra without using algebraic notation.  These methods are presented in Section 2.

Gates  Conceptually a gate is a device which takes input signals and produces an output signal which is a function of these inputs.  Each signal must be in one of 2 possible states, and the value of the output signal must depend only on the input signals.  Since gates act like bit functions, we call the two possible signal states 0 and 1 regardless of how they are physically implemented.  Since any bit function can be constructed from {/, (, (}, we focus on 3 types of gates corresponding to these operations.  A gate diagram involving gates shows how to design a circuit which will implement a bit function, and we will make some remarks about circuit design in this section, however for the purpose of this section merely think of a gate diagram involving a gates as a way of picturing a boolean expression.   Actual examples of the kinds of situations for which such circuits are presented in Unit DCC. 

Side Remark  Altho gates can be physically implemented in various ways,  in this unit you need only understand the concept of a gate.  Anyone interested in the construction of gates from transistors can consult appendix C of Hornes and Heilweil “Boolean Algebra and Logic Design”.  That book is a programmed text giving an elementary detailed coverage of how boolean algebra can be used to design circuits from these gates.  We do most of this in Unit DCC, and in particular we show how any task which can be described in terms of bit functions can be implemented by some circuit which can be constructed from these gates.

Gate Diagrams  Gate diagrams involve 3 main components, corresponding to the BIT operations {/, (, (}.  Because of the relation of bit functions to logic we call these components not-gates, and-gates, or gates.  Inputs and outputs for these components are indicated below.  The symbols that we use differ from the standard symbols that are used in gate diagrams because of graphical considerations.  
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Example  The boolean expressions /ab, a/b, abbc, /aab are brief for /ab, a/b, (ab)(bc), /a(ab).  Diagrams for each are given below. 
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Input Count  The types of gates just described are sufficient to describe all boolean expressions whose outputs are bit functions of their inputs.  This includes boolean polynomials as well as boolean expressions which are not polynomials.  The concept of input count also applies boolean expressions that are not polynomials.  To obtain this input count use the gate diagram for the expression.  Count all inputs to logic gates except for initial not-gates.  Thus a diagram makes it easy to give observe the input count.

Multiple Input Gates  Below is the diagram for the atomic basis term (ab)c, which we usually abbreviate as abc.  By the associative law this is also equal to a(bc).  Both diagrams have input count 4, whereas the input count for abc was defined earlier as 3.  The reason for defining the input count as we did in Section 1 is that there is that while a circuit for abc can be constructed from binary gates, it is more efficient to construct it directly from transistors.  For our purpose it does not matter how they are constructed, we simply picture them with a box with the appropriate symbol and number of input lines.  This gives an input count of 3 for abc. 
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The and-gate gives an output of 1 iff its first input is 1 and its second input is 1 and its third input is 1.  A 4 input and-gate is represented and described in similar fashion.  We also have multiple input or-gates.

Remark  The cost for making a circuit is roughly proportional to its inputs count, since this count represents the number of transistors used.  In most applications initial inputs are available in both direct and complement form, so it is not necessary to count these lines to estimate circuit cost.  Thus  not-gates at the beginning of a diagram are seldom shown.  This makes the diagram somewhat easier to draw as illustrated for the polynomial a/bc(/c/a:    input count = 7
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Diagrams Of Polynomials  If a polynomial is not simple, but has only one term then its diagram will be a single and-gates whose inputs are simple.  If a polynomial has more than one term then the last gate in its diagram will be an or-gate.  Each input to this gate will be either simple or output from an and-gate having only simple inputs.  If the polynomial is normal the inputs to each and-gate will be unrelated, and none of the and-gates will have identical outputs. 

Normal Diagrams  The diagrams for normal polynomial are called normal diagrams.  In many applications it is easier to design a normal circuit than one which is not normal.  The expressions /a(b(c) and /ab(/ac represent the same function.  To implement this by a circuit, we would choose the second rather that the first, since the second is in normal form.  We make this choice even though the first circuit has a smaller input count. 

Tracing Outputs Thru a Diagram  That different diagrams represent the same function can be seen without reference to tables for their corresponding expressions.  One procedure is straightforward, but tedious.  Merely use each possible list of input values and trace the resulting outputs thru to the end of the diagram.  This is like a detailed calculation of the value of the boolean expression for each list of input values.  To check that the diagrams for the sample task yield the same function we could trace the outputs for 8 input list.  The one for (a, b, c) = 001 is given below. 


/a(b(c)
   input count 4



/ab(/ac    input count 6
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Exercises and Problems

Ex1  Show that no reduced polynomial with 2 variables has an input count of 3 or 4 or 5.  Use this to help prove that ab/a/b and a/b/ab are reduced. 

Ex2  Indicate which laws of boolean algebra are used in the steps below.

    (1) a/b/ca/bcab/c = a/b/ca/b/ca/bcab/c  =  [(a/b)/c(a/b)c][(a/c)/b(a/c)b] =  a/ba/c

Ex3  For each of these functions, give an atomic basis polynomial, and then use boolean algebra to find a reduced polynomial.  Compare the input counts.  Draw gate diagrams for some of these polynomials. 
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Ex4  Let f(a, b, c) = a/b/ac.  Write the table for f and use it to obtain the atomic basis polynomial for f.  Use boolean algebra to simplify the atomic basis representation to a/b/ac.   Give the input count of for both representations.  Do the same for g(a, b, c) = abbc. 

Ex5  Let S = {/a/b/c, /a/bc, /ab/c, /abc, a/b/c, a/bc, ab/c, abc}.  How many subsets does S have?  Which of these subsets of S determine constant functions?  Use boolean algebra to show that /a/b/c/a/bc/ab/c/abc = /a.  Note that this means that the function determined by the first 4 elements of S is essentially a function of 1 variable.  Which other subsets of S determine a function of one variable?  Since /a/b/c/a/bc = /a/b, the function determined by the first 2 elements of S is a function of only 2 variables.  Likewise /a/b/c/ab/c = /a/c, so the function determined by the first and third element S is a function of only 2 variables.  Show that the function determined by the second and third term of S is not a function of 3 variable.  How many of the subsets of S determine functions of 2 variable.  How many of these subsets are of size 2?  How many are of size 4?  How many of are of size 6? 

Ex6  For each polynomial below expand it into an atomic basis polynomial and the reduce it.  Compare input counts.

a/bb,  /aab,  /a/a/b,  /aa/b,  /ac/a/b/c,  a/a/b/c,  /abb/ca/c

Pr1  Boolean algebra can be use to find a polynomial which is equal to the expression /((abc)(ad/bc)). 

    /((abc)(ad/bc)) = /(aadabcda/bcb/bcc)
dist, assoc, comm

    /((abc)(/a/bc)) = /(adabcda/bc)           
idem, compl, annih, ident

    /((abc)(/a/bc)) = /(ada/bc)                

adsorb

    /((abc)(/a/bc)) = (/a/d)(/ab/c)          

DeMorgan

    /((abc)(/a/bc)) = /a/d(b/c)               

dist

    /((abc)(/a/bc)) = /ab/d/c/d               

dist

Use boolean algebra to find polynomial representations for each of the expressions below to a polynomial.  Draw gate diagrams and compare input counts. 

/((abc)(a/bc)),   /(acbc)(ad/bc),    /(a/(bc))(ad/bc/d))

Pr2  In this problem ( denotes the ring sum.  Show that xy = 0  x(y = xy.  Also show /x = x(1.  We can use this to transform an atomic basis lattice polynomial to a ring polynomial without complements.  This is illustrated below for the lattice polynomial a/b(/ab.  

a/b(/ab = a/b(/ab = a(b(1)((a(1)b = ab(a(ab(b = a(b

Represent each function of 2 variables as a ring polynomial without complements.

Pj1  Write a computer program:  

Input: Any normal polynomial in the variables a, b, c 

Output:  The table of the bit function represented by this polynomial 

Pj2  Write a computer program:  

Input:  The table of the bit function represented by this polynomial 

Output: Any normal polynomial in the variables a, b, c 

Pj3  Write a computer program:  

Input: Any normal polynomial in the variables a, b, c 

Output:  The gate diagram for the this polynomial 

SECTION 2  SPECIAL REDUCTION METHODS 

Overview  To find a reduced polynomial representation for a bit function we first represent the function as atomic basis polynomial and then use boolean algebra to reduce it.  For functions of 2 variables we can merely consult a list of function tables to see when we have a reduced polynomial.  With more variables it is not always apparent when a polynomial is reduced, however there is a method developed by Quine and McCluskey which always gives a reduced polynomial, regardless of the number of variables involved.  Henceforth I shall refer to this method as QM and any reduced polynomial produced by it as a QMP.  There are 2 reasons we did not introduce QM earlier.  It is hard to appreciate until the underlying algebra, has been mastered, and for most functions of 3 variables using ordinary algebra carefully gives the same result with less effort.  There are two main advantages to QM.  It always yields a reduced polynomial and it can be easily implemented by a computer program. 

The purpose of this present section is to describe and illustrate QM.  We first describe QM for functions of 3 inputs.  If you find this description difficult to follow then skim it for the main idea and return to it as you study the examples which follow it.  After a number of examples with 3 variables, we illustrate QM for functions of 4 variables.  This is followed by general description of QM.  We also discuss the use of QM for partial functions, that is functions for which some of the possible inputs are ignored.  Finally we illustrate how a function table can be written in a form that allows a quick way to implement QM for functions of 4 variables. 

Functions of 3 Variables  To use QM with a function f of 3 variables, begin with its atoms.  Since these terms all have degree 3, we denote the set of these terms as 3.  Suppose /ab/c and /abc are among these atoms.  The pair {/ab/c, /abc} is reducible to /ab.  In general, a pair of terms {t1, t2} is reducible to a term t of lower degree iff t1 and t2 have the same degree and t = t1t2.  Use all reducible pairs from 3 in order to obtain the set 2 of all the possible degree 2 terms which could be used in a polynomial representing f.  Next use reducible pairs from 2 to find the set 1 degree 1 terms for f.  The set Î of irreducible terms for f are those which are not used as reducible pairs.  A term t is said to cover a term s iff it take a value of 1 for each input which make s take the value 1.  A QMP is any reduced polynomial with terms from Î that cover all the atoms.  A key step in finding a QMP is to find the terms that cover any atoms not covered by any other irreducible term.  We denote these essential irreducible terms as Ê.  Having found Ê, augment Ê with just enough additional elements of Î to cover all of 3. 

Notation The notation discussed above can be summarized as follows.

3 denotes the set of all degree 3 terms for f. 

2 denotes the set of all degree 2 terms for f.  

1 denotes the set of all degree 1 terms for f.  

Î denotes the set of all irreducible terms for f.

Ê denotes the set of all essential irreducible terms for f.

The next few examples illustrate QM.  To implement QM on a computer we could code terms as digit strings.  The first digit is 0 if /a is a factor, 1 if a is a factor, 2 if neither is a factor.  The second and third digits relate to b and c in a similar manner.  For example a/bc, ab, /ac are coded as 101, 112, 021 respectively.  In Examples 1 and 2 coded results are indicated to beneath the algebraic ones. 

Remark  As indicated earlier, for functions of 3 variables, careful use of ordinary algebraic notation usually provides the most direct way to transform an atomic basis polynomial to a reduced polynomial.  The use of QM for this purpose is given to illustrate this method rather than for efficiency.

Example 1  Let f = /a/bc(/abc(ab/c(abc.  The reducible pairs are {/a/bc, /abc}, {/abc, abc}, {ab/c, abc}.   Since these pairs involve all terms from 3, none of the elements of 3 are in Î, so at this stage Î is empty. 

3 = {/a/bc, /abc, ab/c, abc}     Î = {}
           001  011  110 111          222

Reducing gives 2, which contains no reducible pairs so 1 is empty.

2 = {/ac, bc, ab}             Î = {/ac, bc, ab}
        021 211 112                   021 211 112 

The chart below is given both using variables and numerical code.  It show which atoms are covered by each element of Î, with 1’s indicating coverage and the arrow ‘(’ to indicate elements of Ê.  /ac is the only element of Î to cover /a/bc, so /acÊ.  Likewise ab is the only element of Î covering ab/c, so abÊ.  bcÊ, since the terms covered by it are also covered by other Î terms.  The terms in Ê covers all of 3.  This gives /ac(ab as the only QMP for this function.   


 /a/bc /abc ab/c abc 
 

 001 011 110 111

/ac

bc

ab
    1      1    0      0         

    0      1    0      1         

    0      0    1      1        

021

211

112
   1     1     0     0    
   0     1     0     1 

   0     0     1     1    



 





Ê = {/ac, ab}



Ê
    1      1    1      1                
  
Ê
   1     1     1     1

Example 2  Let f = /a/b/c(a/b/c(a/bc(ab/c(abc.  The reducible pairs are {/a/b/c, a/b/c}, {a/b/c, a/bc}, {a/b/c, ab/c}, {a/bc, abc}, {ab/c, abc}.  These pairs involve all terms from 3. 


3 = {/a/b/c, a/b/c, a/bc, ab/c, abc}
Î = {}
                        000   100    101   110   111        222

Reducing gives 2, which contains 2 reducible pairs a/b, ab. a/c, ac


2 = {/b/c, a/b, a/c, ac, ab}

Î = {/b/c}
                    200 102 120 121 112

       200


1 = {a}



Î = {a, /b/c}

       122



      122 200
The chart below show which atoms are covered by each element of Î.  /b/c is the only element of Î to cover /a/b/c and a is the only element of Î covering abc, so Ê = Î.  This gives a/b/c as the only QMP for this function.  

       
 /a/b/c a/b/c a/bc ab/c abc 


 000 100 101 110 111

   /b/c
     a 
     1       1       0     0     0    (       
     0       1       1     1     1    (
Ê = {/b/c, a}
021
211
   1      1     0     0     0    (
   0      1     1     1     1    (

     Ê 
     1       1       1     1     1        

Ê
   1      1     1     1     1


Example 3  3 = {/a/bc, /ab/c, a/b/c, abc}.  No pairs are reducible, so Î = Ê = 3.  

Thus the atomic basis polynomial /a/bc(/ab/c(a/b/c(abc is its only QMP. 

Remark  The next few examples use only the computer coding to carry out QM.  We leave the reader to  translate this into algebraic language, to check for reducible pairs, etc.  For instance in Example 4 the atomic basis polynomial is /a/bc(/ab/c(a/bc(ab/c(abc with an input count of 20.  The alternatives QMPs are /bc(b/c(ac or /bc(b/c(ab.  Each has input count of 9. 

Example 4   3: 001 010 101 110 111
 2: 201 210 121 112

Î: 201 210 121 112


 001 010 101 110 111


201

210

121

112
   1     0     1     0     0   
   0     1     0     1     0   
   0     0     1     0     1

   0     0     0     1     1   












Ê: 201 210

Ê
   1     1     1     1     0  
QMP: 201 210 121 or 201 210 112

A QMP will use these essential terms, but they only covers 4 of the atoms, as indicated in the last row below the line.  In order to cover all 5 we must use either 121 or 112 to cover 111, giving the 2 alternatives QMPs for f. 

Example 5  3: 000 100 010 111
Î: 111

2: 200 020 111
Î: 200 020 111


 000 100 010 111


200

020

111
   1     1     0     0  
   1     0     1     0  
   0     0     0     1    
Ê: 200 020 111

Ê
   1     1     1     1
QMP: 200 020 111

Example 6   3: 000 001 100 101 111      2: 002 200 201 102 121   Î: 121

1: 202
    Î: 121 202


 000 001 100 101 111


202

121
   1     1     1     1     0   
   0     0     0     1     1      
Ê: 202 121

Ê
   1     1     1     1     1      
QMP: 202 121

Example 7  3: 011 101 110 111    Î: 222

2: 211 121 112       Î: 211 121 112


 011 101 110 111


211

121

112
   1     0     0     1  
   0     1     0     1  
   0     0     1     1     
Ê: 211 121 112

Ê
   1     1     1     1    
QMP: 211 121 112

Example 8  The use of QM for boolean functions of more than 3 variables can be involve a many terms, so special care should be taken not to miss reducible pairs and to keep track of which terms are irreducible.  We now  illustrate the use of QM for a boolean function of 4 variables.  The table for f is given with row codes which are later used to indicate elements of 4.

Row
a b c d
f

Row
a b c d
f



0

1

2

3

4

5

6

7
0 0 0 0

0 0 0 1

0 0 1 0

0 0 1 1

0 1 0 0

0 1 0 1

0 1 1 0

0 1 1 1
1

1

1

0

1

1

0

0

8

9

A

B

C

D

E

F
1 0 0 0

1 0 0 1

1 0 1 0

1 0 1 1

1 1 0 0

1 1 0 1

1 1 1 0

1 1 1 1
0

0

1

1

0

1

1

1

To make it easier to find reducible pairs, the 10 atoms terms for f  are placed on 5 separate lines, with terms on each successive line having 1 less complemented factor than those on the previous line.  This insures that any reducible pairs will occur in adjacent lines.  However not all pairs on adjacent lines will be reducible.  Each element of is accompanied by its row code.  Whenever a pair of terms is reduced the result is labeled by the codes for the atoms it covers.  The degree 3 terms are also organized so that the only possible reducible pairs are on adjacent lines. Terms marked by Î were not reduced and thus are in Î.  

4
0: /a/b/c/d

1: /a/b/cd

5: /ab/cd

B: a/bcd

F: abcd
2: /a/bc/d

A: a/bc/d

D: ab/cd
4: /ab/c/d

E: abc/d
Note:  The codes used are merely the hex codes corresponding to the binary codes we would have used for the atoms.  For instance the atom a/bcd has the binary code 1011 which is B in hex. 































3
0, 1: /a/b/c
0, 2: /a/b/d  Î
0, 4: /a/c/d  



1, 5: /a/cd
2, A: /bc/d  Î
4, 5: /ab/c



5, D: b/cd  Î
A, B: a/bc
A, E: ac/d



B, F: acd
D, F: abd    Î
E, F: abc








2
A, B, E, F: ac Î
0, 1, 4, 5: /a/c Î



For phase 2 we use the following chart which
shows which atoms are covered by which Î terms.

 0 1 2 4 5 A B D E F 

This condensed
chart shows terms
not covered by 
the Ê terms. 



2 D


/a/b/d
 1 0 1 0 0 0 0 0 0 0        


/a/b/d
1 0


/bc/d
 0 0 1 0 0 1 0 0 0 0      


/bc/d
1 0


b/cd
 0 0 0 0 1 0 0 1 0 0         


b/cd
0 1


abd
 0 0 0 0 0 0 0 1 0 1           


abd
0 1


/a/c
 0 0 0 0 0 1 1 0 1 1  Ê   






ac
 1 1 0 1 1 0 0 0 0 0  Ê





Any QMP must have the Ê terms  {/a/c, ac} along with terms to cover the atoms coded by 2 and D.  Thus a QMP must use exactly one term from {/a/b/d, /bc/d}and exactly on term from {b/cd, abd}.
QMPs:

/a/c(ac(/a/b/d(abd

/a/c(ac(/bc/d( abd 




/a/c(ac(/a/b/d(b/cd

/a/c(ac(/bc/d( b/cd 
Example 9  Let f be the function whose atoms are: {/a/b/cd, /a/bcd, a/b/c/d, ab/c/d, abc/d, abcd}.  We illustrate a numerically coded QM for f.   Note that none of the degree three terms reduce.   For this function it is easy to see that 0021, 1200, 1112 are essential.  Furthermore they cover all the atoms.
Thus  the only QMP for f is abc(/a/bd(a/c/d.

1: 0001
8:1000





3: 0011
C: 1100

1,3: 0021
8,C: 1200


E: 1110


E,C: 1120



F: 1111


E,F: 1112



General Description of QM  Consider a bit function with n inputs.  QM involves 2 phases.  Begin in phase 1 with the atoms, all the degree n terms.  Use all possible reducible pairs in order to obtain terms for f of degree n-1.  Next use reducible pairs of these for f terms of degree n-2.  Continue until there are no more reducible pairs of any degree.  During this phase, also separate out Î for use in phase 2.  In phase 2, first select Ê, that is those which cover some atom for f which is not covered by any other term in Î.  See if Ê cover the atomic basis terms.  If not, select each set of remaining Î terms of lowest possible input count which covers the remaining ones.  In phase 2 it may be useful to make a chart showing which atomic basic terms are covered by Î.  This can help you easily locate all Ê, as well as any other Î terms which might be used to obtain a QMP.  

Partial Functions  A partial function is one whose outputs are given only for some of the inputs.  Any partial function can be extended to several different total functions.  For example, the partial function f below has 4 extensions.  Any polynomial for any of these functions can be used to represent f for the inputs allowed for f.  A QMP for f is a QMP for any of f0, f1, f2, f3 iff no QMP for any other extension f has a lower input count. We could apply QM to each of these, but there would be considerable duplication of effort.  Instead we classify the atoms  as actual and potential.

a b c
f
f0
f1
f2
f3



0 0 0
0 0 1

0 1 0

0 1 1

1 0 0

1 0 1

1 1 0

1 1 1
1

?

0

0

0

?

1

1
1

0

0

0

0

0

1

1
1

1

0

0

0

0

1

1
1

0

0

0

0

1

1

1
1
1

0

0

0

1

1

1

The actual atoms are those need to cover the 1’s which are actually in the table.  The potential atoms are those that would give outputs of 1 for the undefined output. 

In phase 1 of QM we use both
actual and potential atoms to 
find all potential degree 2 terms, 
all of which are irreducible. 

3 = {000, 001, 110, 101, 111}
2 = {002, 201, 112, 121}  = Î
In phase 2 we only try to cover
only the actual atoms for f.



  000 110 111



002

201

112

121

Ê
    1     0      0    Ê
    0     0      0

    0     1      1    Ê 

    0     0      1

    1     1      1

The only QMP for f is ab(/a/b, which happens to be the QMP for f1.

Karnaugh Tables (Optional)  A Karnaugh Tables is a table for a bit function f which is organized in a way that entries for any pair of atoms that will reduce are adjacent.  In such a table it is possible to read all of Î directly from the table, see exactly which elements of Î are in Ê, determine which additional elements of Î are sufficient to cover the atoms.  This gives all QMPs for f by visual means, and is especially useful for functions of 4 variables. In a Karnaugh table for a function with 4 inputs these 16 entries are written in a
4 by 4 square in such a way that adjacent entries show reducible pairs. However there is a subtly.  The top and bottom row are considered adjacent, as are the first and last column.  How this works is easier to demonstrate than to describe, and we do not illustrate all of the ideas involved.  If the description below suggests a technique you want to learn, we suggest consulting anyone who knows how to use such tables.  

Example 9 (continued)  Recall  the function of 4 variables from example 9, whose atoms are:  

{/a/b/cd, /a/bcd, a/b/c/d, ab/c/d, abc/d, abcd}



a 



       a 



c
0  0  1  1
d


          ( (



0

0

1

1
0  0  1  1

1  0  0  0

1  0  1  0

0  0  1  0
0

1

1

0
This is usually abbreviated by
merely pointing to the places
 where the variables take the value 1
c  (
    (
0  0  1  1

1  0  0  0

1  0  1  0

0  0  1  0

( d
(



0  1  1  0



( (




b



b


Each column of the Karnaugh table is referenced by 2 bits, as is each row.  The column with a 0 at the top and a 0 at the bottom is column 00 in which a and b are both 0.  The row with 0 on the left and 1 on the right is row 01 in which c is 0 and d is 1.  An output of x = 1 for a = 0, b =0, c =0 , d = 1 is thus given in the intersection of column 00 with row 01 of the Karnaugh table.  Thus /a/b/cd is one of the atoms for f.  The 1 in column 00 row 11 is the output for a = 0, b =0, c = 1, d = 1, so /a/bcd is also an atom for f.  Note that we can factor /a/bd from these 2 adjacent term, leaving /cc so these two terms reduce to /a/bd.  The  terms from the 1 entries for 1100 and 1000 reduce to give a/c/d; while the terms from the 1 entries for 1111 and 1110 reduce to give abc.  Noting that the top row and bottom row are adjacent, the 1 entries for 1100 and 1110 reduce to give ab/d.  This gives all the irreducible term Î = {abc, /a/bd, a/c/d, ab/d}.  The first three of these are essential and they cover the atoms.  These terms are also the essential terms, so the only QMP for f is abc(/a/bd(a/c/d.

Activity  The labels on Karnaugh tables below are omitted.  If you have difficulty reading them write the labels either in a way that you find helpful.  Read the reduced polynomial directly from the tables. 

f

g

h

0 0 1 1

1 1 0 0

0 0 1 1

1 1 0 0

0 0 0 0

1 0 0 0

0 0 0 0

0 1 1 1

0 0 0 0

0 0 1 0

0 1 1 1

0 0 0 0

Re   f: /a/cd(/ac/d(a/c/d(acd.   g: /a/b/cd(bc/d(ac/d.      h: abd(acd(bcd 

Exercises and Problems 

Ex 1  For example 1, show that ab(bc is not a polynomial for this function by giving an atom is not covered by ab(bc. 

Ex 2  Use boolean algebra to obtain each QMP of example 2 from the atomic basis equation and the appropriate reduction equation.  Indicate how the idempotent property is used to obtain 6 terms and how these are grouped in order to use the reduction equations. 

Ex 3  Let f(a, b, c) = ab(b/c/a/c.  Write the table and QMP for f.

Ex 4  Find all QMP’s for some of
these functions. 


a b c














0 0 0

0 0 1

0 1 0

0 1 1

1 0 0

1 0 1

1 1 0

1 1 1
1

0

1

0

1

0

1

0
0

1

0

1

1

0

0

1
0

1

1

1

1

0

1

0
0

1

0

1

1

1

0

1
0

1

0

1

1

0

0

1
1

1

0

1

0

1

0

0
1

0

1

0

1

0

1

0
0

0

1

1

0

1

1

1
0

0

1

1

0

1

0

1
1

0

1

1

0

1

0

1
1

0

1

0

1

1

0

0
1

1

1

1

1

0

1

1










































































































Pr1  Write the Karnaugh table for the function that can be represented by the polynomial a/b/c(a/cd(bcd(/ac/d.  Find another polynomial representation of this function which has the same input count but has at least one term which is not equal to any of the terms in this first representation.  Convince yourself that both of these polynomials are reduced.

Pr2  Give Karnaugh form for some of these tables and
use this to obtain QMP representations the function.  

Check your results using QM. 


a b c d














0 0 0 0

0 0 0 1

0 0 1 0

0 0 1 1

0 1 0 0

0 1 0 1

0 1 1 0

0 1 1 1

1 0 0 0

1 0 0 1

1 0 1 0

1 0 1 1

1 1 0 0

1 1 0 1

1 1 1 0

1 1 1 1
1

0

1

0

0

0

1

0

1

0

1

0

0

0

1

0
0

1

0

1

0

0

0

0

0

1

0

1

1

0

0

0
0

0

1

1

1

0

1

0

0

0

1

0

1

0

1

0
0

0

0

1

1

1

0

1

0

0

0

1

1

1

0

1
0

0

0

0

1

0

0

1

0

1

0

0

1

0

0

0
0

1

0

1

0

1

1

0

0

1

0

1

0

1

0

1
0

0

1

0

1

0

0

1

0

0

1

0

1

0

1

0
0

0

0

0

0

1

1

1

0

0

0

1

1

1

1

1
0

0

1

1

0

1

1

1

0

0

0

1

0

1

0

1
1

0

0

1

0

1

0

1

1

0

0

0

0

0

0

1
1

0

0

0

1

1

0

0

1

0

0

0

1

0

1

0
0

0

0

0

1

0

0

0

0

1

1

1

1

0

1

1


































































































































































































































Pr 3  Explain why Î having 2 elements implies Î = Ê. 

