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Notation: If f = a0(…(anxn where an ( 0 then an is called the leading coefficient and n is called the degree of f. The symbol ‘(’ denote the associates relation, i.e. f ( g iff f(g & g(f. 

: Zn[x](Zn is the morphism that maps f to its trailing coefficient (i,e,  maps x to 0).
: Zn[x](Zn is the multiplicative morphism that maps f to its leading coefficient 

( Zn[x](N is the function that maps f to its degree. 

(n Zn[x](Zn[x] is the ring morphism takes the remainder mod n of each coefficient of f. 

Lm0: Let f,g(Zn[x]({0}. 1. ((f(g) = (f((g ( f(g ( 0.   2. ((f(g) < (f((g ( f(g = 0. 

Polynomials in Z6[x]: Let f = x2(3x(2. Since f = (x(1)(x(2) and f = (x(4)(x(5), this might suggest that f has two essential different prime factorization in this ring of polynomial. However the above lemma indicates that it might be possible to further factor {x(1, x(2, x(4, x(5} into pairs of factors of degree 1. The table below shows that we can, giving f = (2x(1)(3x(2)(4x(1)(3x(1). To see that this is a prime factorization, we need to show these factors are prime, for altho the table shows that they have no factors of degree 1, we also need to show they have no higher degree factors. Altho the other factors of f in this table are associates of these factors, to see that this is essentially the only prime factorization of f, we also need to show that f has no higher degree factors. Note that f also factors as the product of two quadratics (2x2(1)(3x2(3x(2), but neither of these factors is prime. 

A Table Of First Degree Pairs Products That Are Not Quadratics

	(
	3x
	3x(1
	3x(2
	3x(3
	3x(4
	3x(5

	2x
	0
	2x
	4x
	0
	2x
	4x

	2x(1
	3x
	5x(1
	x(2
	3x(3
	5x(4
	x(5

	2x(2
	0
	2x(2
	4x(4
	0
	2x(2
	4x(4

	2x(3
	3x
	5x(3
	x
	3x(3
	5x
	x(3

	2x(4
	0
	2x(4
	4x(2
	0
	2x(4
	4x(2

	2x(5
	3x
	5x(5
	x(4
	3x(3
	5x(2
	x(1

	4x
	0
	4x
	2x
	0
	4x
	2x

	4x(1
	3x
	x(1
	5x(2
	3x(3
	x(4
	5x(5

	4x(2
	0
	4x(2
	2x(4
	0
	4x(2
	2x(4

	4x(3
	3x
	x(3
	5x
	3x(3
	x
	5x(3

	4x(4
	0
	4x(4
	2x(2
	0
	4x(4
	2x(2

	4x(5
	3x
	x(5
	5x(4
	3x(3
	x(2
	5x(1


Before looking at more factorization properties we make some observations about the table. There are 30 polynomials of degree 1 in Z6[x]. Of these 8 are zero-divisors, namely those in the white cells. Since 2x(1(5x(1 and ((2x(1 ( 5x(1), 5x(1 is composite. Likewise the 12 polynomials in the aqua cells are all composite, as they have non-trivial factors. The ones in yellow cells can easily be seen to have no linear factors, since this table includes all pairs of linear factors that have a linear product. We can actually also show that they have no non-trivial factors and so are all primes. 

Using (2 and (3 to Investigate Z6[x]: Above we used a computational approach to investigate first degree polynomials in Z6[x]. This could be extended to investigate quadratics, and we leave it to the reader to do so to extent this seems useful. However we will now turn to a more general approach.  

Notation: g and f and h denote elements of Z6[x]({0}. 
Lm1.1: (f = max{((2 , ((3}, i.e. (f is the maximum of ((2 and ((3.

Prf: Suppose (f  > ((2f & (f  > ((3f. Then 2(f & 3(f. Thus f = 0, contradicting f ( 0.
Zero-divisors in Z6[x]: Suppose f(g = 0 & f ( 0 & g ( 0. Then (2f((2g = 0 & (3f((3g = 0. Also f(g = 0, and so (f = 3 & g = (2) ( (g = 3 & f = (2). In the first case (3f = 0 & (2g = 0; i.e. all coefficients of g are even and all coefficients of f are multiples of 3. The second case is similar. Thus the zero divisors consists of the polynomial whose coefficients are all multiple of 2 along with those whose coefficients are all multiples of 3,

Th1: f(h & h is not a zero-divisor ( (f ( (h.

Prf: Suppose (f > (h. Since (2f((2h & (2h ( 0, we have (((2f) ( (((2h) ( (h < (f . Thus 2(f. A similar argument shows that 3(f. Thus f = 0, contradicting the definition of .

Corollary: The units of Z6[x] are 1 and 5. 

Corollary: The remarks above about first degree polynomials now follow. 

Prime Factor Remark: We know indicate how to show that a first degree prime polynomial which is divides a product divides at least one of the factors. We illustrate the idea for the polynomial 3x(1 by showing that for any (g(q(r(g = (3x(1)q(r & r({0,1}).

Analysis for 3x(1: Since x(1 is monic, (h(r(g = (x(1)h(b(r & b({0,2,4} & r({0,1}). Since 3x(1(x(1 & 3x(1(2, 3x(1((x(1)h(b, i.e. (q((x(1)h(b = (3x(1)q; which gives g = (3x(1)q(r.  Now suppose 3x(1(g(h. Let g = (3x(1)q(r and h = (3x(1)e(s with r,s({0,1}. Since 3x(1(rs and 3x(1 is not a unit rs ( 1. Thus r = 0 ( s = 0, and hence 3x(1(g ( 3x(1(h. 
Coset Analysis for 3x(1: Let J consist of the multiples of 3x(1. In Z6[x]/J, 3x(1 = 0, so 2 = 0. Thus x(1 = 0, x = 0. Thus J and 1(J as J’s only cosets and Z6[x]/J is (isomorphic to) Z2. So J is a prime ideal, this gives another way to show that 3x(1(g ( 3x(1(h. 
Exercise: Show that 3x(2(g(h ( 3x(2(g ( 3x(2(h. Hint 3x(2(x & 3x(2(2.
Exercise: Explain why 3x(2(g(h ( 3x(2(g ( 3x(2(h implies 3x(4(g(h ( 3x(4(g ( 3x(4(h.
Exercise: Let c({1,3,5}. Show that (g(q(r(g = (2x(c)q(r & r({0,1,2}).
Exercise: Let J be the multiples of 3x2(3x(1, show that the cosets of J are determined by elements of the form ax(b, where a,b({0,1}. Denoting x(J as . Write the addition and multiplication table for Z6[x]/J and observe that these are the tables for field Z2[], where  is a root of x2(x(1 in this extension of Z2. Thus J is a prime ideal and so 3x2(3x(1(g(h ( 3x2(3x(1(g ( 3x2(3x(1(h.

Exercise: Let J be the multiples of 4x2(1, show that the cosets of J are determined by elements of the form ax(b, where a,b({0,1,2}. Denoting x(J as i. Write the addition and multiplication table for Z6[x]/J and observe that these are the tables for field Z3[i], where i is a root of x2(1 in this extension of Z3. Thus J is a prime ideal and so 4x2(1(g(h ( 4x2(1(g ( 4x2(1(h.

Using an Isomorphism to Investigate Z6[x]: 

Notation: U denotes the set of units in a ring. A denotes the set of zero-divisors in a ring. P denotes the set of primes. C denotes the set of composites in a ring. 

Definition: Let ( be the isomorphism from Z6[x]( Z2[x] (Z3[x] defined by (f = [(2f, (3f]. The table below shows what ( (and hence the inverse of () does to coefficients.

	Isomorphism Table
	Z6
	0
	1
	2
	3
	4
	5

	
	Z2 ( Z3
	0 0
	1 1
	0 2
	1 0
	0 1
	1 2


Example: This isomorphism and its inverse can be used to factor many composites. In particular the factorization of the quadratic 3x2(x(1 below indicates how to factor any g that ( maps to an ordered pair each of whose entries have degree greater than 0. The factorization of 3x2(5 indicates how to factor any g with (2g composite in Z2 and (3g a unit in Z3. The factorization of 4x2(4x(1 indicates how to factor any g with (3g(C in Z3 and (2g = 1. The factorization of 3x2(2x(1 indicates a  g with (2g(C in Z2 and (3g(P in Z3.
((3x2(x(1) = [x2(x(1, x(1] = [x2(x(1, 1]([1, x(1] = ((3x2(3x(1)(((4x(1)

So using the inverse of ( gives 3x2(2x(1 = (3x2(3x(1)(4x(1)

((3x2(5) = [x2(1, 2] = [x(1, 1]([x(1, 2] = ((3x(1)(((3x(5)

So using the inverse of ( gives 3x2(1 = (3x(1)(3x(5)

((4x2(4x(1) = [1, x2(x(1] = [1, x(2]([1, x(2] = ((4x(5)(((4x(5)

So using the inverse of ( gives 4x2(4x(1 = (4x(5)(4x(5)

((3x2(2x(1) = [x2(1, 2x(1] = [x(1, 1]([x(1, 1]([1, 2x(1] = ((3x(1)(((3x(1)(((2x(1)

So using the inverse of ( gives 3x2(2x(1 = (3x(1)2(2x(1)

Lm: f(A & (2f(U & (3f(U ( f(C.

Prf: [(2f, (3f] = [(2f, 1] ([1, (3f] and neither of these factors is a unit.

Lm: f(A & ((2f(C in Z2 ( (3f(C in Z3 ) ( f(C.

Lm: f(P ( ((2f(P in Z2 & (3f({1,2}) & ((2f = 1 & (3f(P in Z3 ).

Theorem f(P & f(g(h ( f(g ( f(h. 
Prf: Suppose f(P & f(g(h. Consider the case  (f = [1,(3f]. Since f(g(h, (f((g((h, Thus we have [1, (3f]( [(2g((2h, (3g((3h], giving (3f( (3g((3h. Since Z3[x] is a UFR, (3f((3g ( (3f((3h. Since 1((2g & 1((2h, (f((g ( (f((h. Thus f(g ( f(h. The other case is similar.
Note: The above result generalizes to show that the direct product of a UFR with a UFR is a UFR.
Z2[x] (Z3[x]: 

GCF Lemma: [g1,g2](GCF{{[v1,v2],[w1,w2]} ( g1(GCF{v1,w1} & g2(GCF{v2,w2}.

Prf: Assume that [g1,g2](GCF{{[v1,v2],[w1,w2]} Since [g1,g2]([v1,v2] & [g1,g2]([w1,w2], 
g1(v1 & g1(w1.

Suppose f1(v1 & f1(w1. It follows that [f1,1]([v1,v2] & [f1,1]([w1,w2]. Since [g1,g2](GCF{{[v1,v2],[w1,w2]}, [f1,1]([g1,g2] and so f1(g1. Thus g1(GCF{v1,w1}.

That g2(GCF{v2,w2} follows in a similar manner.

GCF Theoren: g(GCF{v,w} ( g = av(cw for some a,b(Z2[x] (Z3[x]. 

Prf: Assume g(GCF{v,w} and let g = [g1,g2], v = [v1,v2], w =[w1,w2]. By the lemma g1(GCF{v1,w1} and since Z2[x] is a PID, we have g1 = a1v1(c1w1 for some a1,c1( Z2[x]  Likewise g2 = a2v2(c2w2 for some a1,c1(Z3[x]. So [g1,g2] = [a1v1(c1w1,a2v2(c2w2] = [a1,a2][v1,v2]([c1,c2][w1,w2].
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